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1. INTRODUCTION

The isolation of single layers of graphite (graphene) with its unique linear (“Dirac-Weyl”)
low energy band structure has become, within only a few years, a heavily studied phenomenon.[12,
13] The appearance of unanticipated new features in band structures, which generally have
far-reaching implications, have in the past included half metallic ferromagnets and com-
pensated half metals (“half metallic antiferromagnets”), and more recently topological
insulators. Each of these provide the promise of not only new physical phenomena but
also new applications of these properties.

Another key feature of graphene is the point Fermi surface aspect. The touching (or
crossing) of bands is accompanied by a gap throughout the rest of the Brillouin zone that
pins the Fermi level (Ep) in the intrinsic material to lie precisely at the point of crossing
— the point Fermi surface (two of them in graphene). This point Fermi surface aspect
has been well studied[17] in conventional zero gap semiconductors where a touching of the
valence band maximum and conduction band minimum is symmetry determined and occurs
at a high symmetry point. The dielectric susceptibility of such a system is anomalous|3]
— not metallic and not semiconducting in character — and unusual consequences of the
touching bands and residual Coulomb interaction promise unusual phases, such as excitonic
condensates or even excitonic superconductors.

The linear dispersion at the zone boundary in graphene has been known for many
decades; it took the ability to prepare the delicate material and perform a variety of
experiments to ignite interest. There are quasilinear (and potentially truly linear) band
structure features in certain materials, viz. skutterudites,[4] that have been known for
some time and with recent developements[5] may attract new attention. To actually

discover a feature in a band structure that provides the quasiparticle dispersion of a new



and unexpected type is rare, and the discovery of a “semi-Dirac” dispersion pinned to the
Fermi energy is a very recent example.

Pardo et al.[33, 34] reported such a finding in ultrathin (001) VOg layers embedded
in TiOs. This new point Fermi surface system, dubbed ‘semi-Dirac,” is a hybrid of con-
ventional and unconventional: dispersion is linear (“massless”, Dirac-Weyl) in one of the
directions of the two-dimensional (2D) layer, and is conventional quadratic (“massive”
Dirac) in the perpendicular direction. At directions between the axes the dispersion is in-
termediate and highly direction-dependent. Interest in this unique, maximally anisotropic,
dispersion arises for several reasons. The (topologically determined pinning at the) point
Fermi surface is itself of interest. The highly anisotropic dispersion (from massive to
massless depending on angle) is unique to this system. The fact that it arises in an ox-
ide nanostructure of the general type that is grown and studied regularly these days also
strengthens the promise of applications. Another layered superstructure, a double cell
layer of TizSiCy embedded in SiC, has displayed a point Fermi surface, but the dispersion
is of the convention type.[6]

Such a spectrum had been noted earlier in different contexts. Volovik obtained such
a spectrum at the point node in the A-phase of superfluid He? [7] and studied its topo-
logical robustness.[8] More relevant to solids was the discovery by Montambaux’s group of
this spectrum in a graphene-like model.[50] The model has a broken symmetry such that
hopping to two nearest neighbors is ¢ but to the third neighbor is ¢’. When ¢’ differs from
t, the graphene “Dirac points” wander away from the K and K’ points, and at ' = 2t
they merge, resulting in the semi-Dirac spectrum. This group began a study of low en-
ergy properties of such a system[51], which was continued by Banerjee et al.[42] and was

extended in [66].



2. MATHEMATICAL INTRODUCTION TO THE SEMI-DIRAC DISPERSION

2.1 Semi-Dirac Dispersion

In condensed matter physics properties of a material depends on how an electron moves
in a material. An electron is a quantum mechanical object and hence its dynamics is
described not by Newton’s equation, but Schrodinger’s equation. None the less, when
the positively charged ions are arranged in a periodic structure inside material, the final
expression for the energy of an electron is dispersive, i,e varies with the momentum and
in simple cases looks formally very similar to the that of an object moving in the free
space under Newton’s law of motion. As Feynman said, in his lecture on ‘Propagation in
a Crystal Lattice’ [26], “...it is a ubiquitous phenomenon of nature that if the lattice is
perfect, the electrons are able to travel through the crystal smoothly and easily—almost as
if they were in vacuum. this strange fact...has also permitted the development of many
practical devices. It is, for instance, what makes it possible for a transistor to imitate the
radio tube. In a radio tube electrons move freely through a vacuum, while in the transistor
they move freely through a crystal lattice.” The reason for this apparent similarity can
be explained by a simple but insightful model called the tight-binding model. In spite of
this remarkable analogy between the energy momentum dispersion in free-space and that
in a periodic lattice, one must remember that it comes out so as a consequence of solving
quantum mechanical equations. There can be materials for which the quantum mechanical
calculation gives a very different energy momentum dispersion. For example, in case of
graphene the dispersion is linear instead of being quadratic. The semiDirac dispersion is
quadratic along one symmetry direction in the Brillouin zone and linear along the direction

perpendicular to it. Choosing k, and k, to be the momentum variables along the quadratic



direction and the direction perpendicular to it respectively, the semi-Dirac dispersion is

given by:

ek = i\/[h%ﬂ%f + [hok,]? (2.1)

2m

where the effective mass m applies along k, and v is the velocity along k,. Two natural

scales are introduced, one for the momentum and the other for the energy: p = 2mwv

(momentum scale) and g9 = 2mv? = 2pv. (Untidy factors of 2 appear because of the

differences in the natural classical %pv and relativistic pv units for energy.) One can then
Biky

define the dimensionless momenta K, = % and K, = - in terms which the semi-Dirac

dispersion given by Eq. 2.1 becomes

fk = :|:€01/K§+K5. (22)

Thus all possible semiDirac points (all possible m and v combinations) scale to a single
unique semiDirac point, with the materials parameters determining only the overall energy
scale. There is no limiting case in which the semiDirac point becomes either a Dirac point

or a conventional effective mass zero-gap semiconductor.
2.2 Density of states
The density of states for a system with a two dimensional dispersion is given as
D(e) = | —=d(e — €k). 2.3
© = [ Gppoe =2 (23)

Using Eq. 2.2 in Eq. 2.3, one obtains the following expression for the density of states

for the semi-Dirac dispersion.

D(é‘) = 7’0[1, (24)



where I is a dimensionless number given by
1 iy
I :/ dkl.(1 — kK.”)"2 ~ 1.3110. (2.5)
0

To arrive at Eq. 2.4, the following trick was used: instead of directly computing D(e),
a quantity g(e) = [ (3271)‘25(52 — £1?) was first computed. Since it involves €2 instead
of ex, g(e) is easier to compute. Finally, using the relationship between D(e) and g(e),
which is given by D(e) = 2eg(e) Eq. 2.4 was obtained. For the semi-Dirac dispersion the
density of states ~ e3. For comparison, the density of states D(e) is constant (i,e ~ &°) for
effective mass systems and goes as |¢| for Graphene. Now % (the power of the energy that
appears in the density of states expression for the semi-Dirac dispersion), is in between
0 and 1, which appear in the density of states for the other two dispersions. Hence the

the semi-Dirac dispersion is intermediate so far as the energy dependence of the density

of states is concerned.

2.3 Velocity:k-space Distribution and Fermi Surface Averages

Since a semi-Dirac dispersion is Dirac like in one direction and massive in the direction
orthogonal to it, its velocity distribution in the momentum space is of particular interest.
For the Dirac dispersion the velocity is everywhere constant in magnitude. In case of
the parabolic dispersion, the magnitude of the velocity vector increases linearly with the
magnitude of k. Given an energy momentum dispersion e, the velocity is given by
vi = B~ 'Vyey. For the semi-Dirac dispersion, the velocity can be scaled to a dimensionless

form Vi defined as
€0
Vi = EVK&( =vVK, (2.6)

where VK is V€. Writing explicitly in terms of components,



Fig. 2.1: Surface and contour plots of the dimensionless semi-Dirac velocity. The velocity has a
singularity at (Kx = 0, Ky = 0). The velocity changes monotonically from a constant
value to a linear dispersion as one goes from the Ky (relativistic) direction to Kx (non-
relativistic) direction.

From Eq. 2.7, the magnitude of the dimensionless velocity vector of the semi-Dirac

dispersion is obtained as follows.

[1K6 + K2
Vk|=/(Vk)z + (Vk)j = WK; (2.8)
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Fig. 2.2: Contours of the Fermi surfaces change from being elongated along the non-relativistic
direction to those elongated in the relativistic direction with the increase of the total
energy. The arrows indicate the vector Vk. The length of an arrow is proportional to
the magnitude of Vk. As can be seen from the figure, the length of an ‘velocity-arrow’
is constant along the K, axis indicating a constant velocity. The velocity vectors are all
normal to the constant Fermi energy contours, as they should be.

Figures 2.1 and 2.2 illustrate the velocity distribution of semi-Dirac dispersion. Fig.

2.2 also shows the evolution of the constant energy contours with change in Fermi energy.

2.4 Fermi-surface velocity averages for the semi-Dirac dispersion

Apart from being interesting itself, the average of the Fermi surface velocity will prove to
be useful in later calculations, and also in the semi-classical expression for the conductivity
tensor, given by o,5 = €27D()(vavg), where D(e) is the density of states. Due to the

anisotropy in the semi-Dirac dispersion, the average Fermi-surface velocities will be differ-
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ent in different directions. Hence (v7) and (v), the averages of the Fermi surface velocities
squared in the non-relativistic and the relativistic directions respectively, are separately

computed. They are defined as follows

2

1
2 Ya(y)
= dk 2.9
) = D) / o] (29)
Using Eq. 2.4 and Eq. 2.6 in Eq. 2.9, one obtains
415 ¢
2 3
= —— 2.1
@ = T (2.102)
Ire
2 2¢0
= == 2.1
W = P (2.10b)
where I» and I3 are given by
1 1
I, = / dk!.(1 — K.7)2 ~ 0.8740, (2.11a)
0
1 klﬁ
I3 = / dk; -~ 0.7189, (2.11Db)
0 k"4)§

From Eq. 2.10a it is observed that (v2) depends linearly on the the energy . For a non-
relativistic parabolic dispersion, the average Fermi surface velocity shows the same kind of
mathematical relationship with energy. In our problem z is the non-relativistic direction,
hence the equivalence. <U§>’ the average Fermi-surface velocity squared in the relativistic
direction, assumes a constant value as is evident from Eq. 2.10b. This agrees with the fact
that the average Fermi surface velocity is constant for a linear Graphene-like dispersion.
From Eq. 2.10a and Eq. 2.10b it is observed that the ratio of (v2) to (v;) scales as e/eo,
which is small (for the VOg system only very small doping levels will remain within the
energy range represented by the semi-Dirac dispersion, so % ~ 107* or less). In other
words, for VOg like semi-Dirac system the average velocity in the relativistic direction (y)

is much larger than that in the non-relativistic direction (z). The high anisotropy in the

average Fermi surface velocities is a characteristic of the semi-Dirac dispersion and not

12



shared by either Dirac or parabolic dispersion.
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3. TIGHTBINDING DESCRIPTION OF THE SEMI-DIRAC DISPERSION

In this section a tight-binding model is developed for the semi-Dirac dispersion. A tight-
binding model gives a simple description of the behavior of an electron inside a material.
Assuming that the atoms are arranged in a periodic structure, the tight-binding model
utilizes the fact that there are overlaps of the wave functions of an electron at different
sites of the lattice.

In the following is given a 3-band tight-binding model of spinless fermions (correspond-

ing to the half-metallic VO, trilayer ) on a square-lattice, defined by the Hamiltonian

3
H= Y. > eania+ Z<i’j> ta(clacj@ + h.c.)) (3.1)
+M Z<i>(0210i+@,3 - 0,1‘7162'4_@73 + h.c.)

A2 s (63,20i+§:,3 - 02201'4.@,3 + h.c.)

with €3 >> €1, €2, so that there are two overlapping bands 1 and 2, with no coupling
between them. Instead, they couple through the third band, through a coupling which
changes sign under rotation by 90 degrees. Such a coupling can be shown to arise by
symmetry between d and s orbitals. However, since the third band is far from the Fermi
energy, it can be taken as dispersionless. Furthermore, without affecting any essential

physics, it is assumed that t; = —ty = ¢ and A\; = Ao = /. Thus in momentum space, the



Hamiltonian becomes a 3 X 3 matrix:

H=[0 cu W (3.2)
Vi Vi e3

where the dispersions and coupling are given by

€1k = €1+ 2t(cosky + cosky) (3.3a)
Eor, = €2 — 2t(cosky + cosky) (3.3b)
Vi = 2t'(cosky — cosky). (3.3¢)

Supposing orbital 3 to be distant in energy, the three-orbital problem can be downfolded
to a renormalized two orbital problem which becomes (neglecting a parallel shift of the

two remaining bands)

E1k s
H = o &3 (3.4)
= &2
The eigenvalues Ey+ of H are given by
Ep+éo 1 [ V2
By = =2 & 3 [ (B — Eap)? + 4[ L2 (3.5)
2 2 &3

The two energy bands given by Eq. 3.5 will be equal and hence touch at a point when the
2
expression inside the square root sign is zero. (1), — &ax)? + 4[‘;—’;]2 = 0 implies each of the

squared terms being zero, as given by the following equations.

glk - ggk =0 (36&)

V=0 (3.6b)

15



From Eq. 3.3c and Eq. 3.6b one obtains k, = k;(Only the first quadrant is considered
without any loss of generality; without that restriction there will be four such points in
the Brillouin zone.) That is, the two bands touch at the point /st = (ko, ko) along the
(1,1) lines where €1, = €ay,, otherwise the two bands lie on either side of the touching
point(the Fermi energy). From Eq. 3.3c, Eq. 3.6a and Eq. 3.6b one obtains the following

expression for kq:

o — €1
8t

ko = cos™(

). (3.7)

For kg to have a real solution, the argument of the inverse cosine function in the right side
of Eq. 3.7 should be less than one. That imposes some (not very stringent) restrictions on
€1—eg and t. The Hamiltonian given by Eq. 3.4 is expanded about gsd along (1,1) direction,
and the direction transverse to it. To that end &1, €9k, and Vj, are expanded along both the
directions. Expanding &1, Eox, andV;2/e3 in the (1,1) direction, the following expressions

are obtained

€1+ &2

glk ~ 5 —(2\/§tsink$0)5k” (38&)
Eop A 51;€2+(2\@tsinkm)5k” (3.8b)
Villes = 0, (3.8¢)

where 0k is the distance along (1,1) direction. Expanding the same quantities along the
orthogonal direction it is found that the first order changes in €7, and €95 are zero, but

that in V}, is nonzero. Hence unlike Eq. 3.8c, V3,2 /e3 is given by

8t
Vi /e ~ = sin? kg, 0k? (3.9)
3

where 0k, is the distance along the orthogonal direction. Defining two constants m, and

12
v as % = 853—3 sin? ky,, and hv = 2v/2tsin k,, [The motivation for doing so will be clear

16



from Eq. 3.12], Eq. 3.8 and Eq. 3.9 become

fp o~ 2 ;82 + hodk (3.10a)
B o~ 22 sk (3.10b)
Vit/es = 0 (3.10¢)
and
Vi /es ~ hiaki. (3.11)
2m

Using Eq. 3.10 and Eq. 3.11 in Eq. 3.4, the following expression for the Hamiltonian is
obtained

atee 4 podky L gk?

H= (3.12)

Psi2 ade  pesky
Relabeling hdk; as ¢ and Tdk| as gz, and ignoring a constant shift in energy in the

diagonal elements of the Hamiltonian in Eq. 3.12, it takes the following form

2
e qy/2m
H= v/ (3.13)

qi/2m  —vgs

where ¢2 and ¢; denote the distance from /;sd along the (1,1) symmetry direction, and the
orthogonal (1,1), respectively. The Fermi velocity v and effective mass m can be related
explicitly to the tight binding model parameters, and also calculated by standard ab initio

techniques. The eigenvalues of H are given by

Egpr — :i:\/ 2/2m)? + (vge)2. (3.14)

17



In terms of Pauli matrices Eq.3.13 can be written in the following way:

1
H =7.(v02) + 5 —(@1)°7a- (3.15)

Another observation is that the same bands E,+ can be obtained from related but distinct
low-energy models, such as

v iq?/2m
Hy = a2 i/ (3.16)

—igi/2m  —vgy

and

0 2/2m + iv
Hs— @/ & (3.17)

q; /2m — ivgy 0

Although the bands resulting from Hy and H3 are the same, the eigenfunctions are different
and are intrinsically complex for Hy and Hs unlike the eigenfunctions of the Hamiltonian

given by Eq. 3.13. This particular aspect will be revisited in chapter 7.
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4. SEMI-DIRAC SYSTEM IN A MAGNETIC FIELD

One of the issues of most interest to semi-Dirac systems is the behavior in a magnetic
field. In this chapter the effect of the magnetic field on the semi-Dirac electrons will be

described. This chapter draws on the papers [42] and [66] mentioned in the references.

4.1 Landau Like Quantized Energy Levels

The quantized energy levels of an electron with a parabolic dispersion in a magnetic field
are called the Landau levels (L.L s). For the parabolic dispersion, the dependence of the
L.L s on the magnetic field and the quantum number n have been worked out. In this
section an expression for the Landau like energy levels for the semi-Dirac dispersion are
found. The cyclotron orbit that a semi-Dirac electron would follow in a magnetic field is
calculated and the phenomenon of Faraday rotation is investigated.

Making the usual substitution ¢ — p'+ %fT with momentum operator p and vector
potential A in the Hamiltonian given by Eq. 3.15, the Landau gauge A= B(—x2,0,0) is

found to be the most convenient here. The Hamiltonian in Eq. 3.15 then becomes

1 e 9
pu— - 4'
H 7. (vga) + 2m(pl CBH?Q) Ta (4.1)
9 h?
= 1 (—thv— — —-B e
7 ( ihvg )+2m(291 T2)"T,

where ¢; and ¢y are the momentum space co-ordinates of the corresponding real space
co-ordinates x1 and xo respectively. A length scale L is introduced in the above problem,
which will simplify the subsequent calculations. Also the dimensionless variable 25 is

introduced, such that xo = Las, and x1 = L2;. With the introduction of the length scale



the Hamiltonian in Eq. 4.1 becomes

B v 0 1 e -2
B v 0 1 e 9, - P12
( zhL)TZa~ + 2m( BL)“( eBL) T

The length scale L is determined in such a way that the first two terms of Eq. 4.2 have

5 (2F)

the same dimension. To that end E—L” in the first term is equated to ;- (<7 2 in the second

term. The length scale thus obtained is

(4.3)

In the following it is shown that the length scale in Eq. 4.3 can be obtained in a rather
natural way. A natural unit of momentum p = 2mwv has already been defined in the
context of semi-Dirac dispersion. The corresponding length scale is [ = i/p. Introducing
the atomic unit of magnetic field B, such that upB, = 1 Ha, and the dimensionless field

b = B/B,, it can be shown that

1

m)%z, (4.4)

L=(

where 7 is the dimensionless ratio of the two natural energy scales: v = ugpB,/ep, €9 being
the energy scale previously introduced in the context of the semi-Dirac dispersion. For the
case of trilayer VOo, v does not differ greatly from unity. With the length scale defined
above, and introducing a new dimensionless variable u = %2 — %, the Hamiltonian in
Eq. 4.2 reduces to

_ v, .0 2
H = hz( Z%TZ +u 7_$),. (45)

The only dimensional factor appearing in Eq. 4.5 is the overall multiplicative factor i .

Using Eq. 4.4 for L, h7 becomes (ﬂvb)gso. Hence the Hamiltonian in Eq. 4.5 can also

20



be written as

H = (\/ifyb)geg(—iaauTz—FUQTx) (4.6)

= (\/§7b)%€0h.
The dimensionless Hamiltonian h in Eq. 4.6 is given by

h = fiaguTz + u’r,. (4.7)

The goal is to find out the eigenvalues of h. The problem of diagonalization is simplified

considering h? instead of h as is shown below. Using the properties of the Pauli matrices,

€.8, 73 = TZQ =1, 7,7, = —T,T. = iTy etc, one can show
I 2 (4.8)
=——=+ -u" + -1y[—,u"]. )
ou? 4 2 Y ou’
Using the fact that [%,uQ] = 2u, Eq. 4.8 reduces to
9% 1
2 4

7y having eigenvalues of £1, finding the eigenvalues of h? is equivalent to finding the

eigenvalues of the following two operators
2 L4
h"=——+-u"+u (4.10)

It is instructive to note that h? appearing in Eq. 4.10 can be written as QTQ, where
Q= —i% + i“—;, a linear combination of u and its conjugate variable p, = —i%, or QQT
depending on whether the plus or the minus sign is considered in Eq. 4.10. The operator
is analogous to the ladder operator a that appears in the context of the harmonic oscillator.

For an harmonic oscillator, the operators a and af obey the commutation rule [a, a'] = 1.

It can be shown by a straightforward calculation that the commutator of Q and Q' is given

21



by [@, QT] = —2u. The difference in the two commutation relations is obvious. In case
of a harmonic oscillator, the commutator of the ladder operators is a constant, whereas
it is not so for the semi-Dirac problem. The Hamiltonian for the harmonic oscillator,
when expressed in terms of the ladder operators, is given as H = afa + %; whereas for the
semi-Dirac problem, the Hamiltonian squared as obtained in Eq. 4.10 can be written as
h? = QTQ. Apart from an additive constant %, they are formally similar. One important
difference is, in case of the harmonic oscillator the Hamiltonian itself is written in terms of
the ladder operators; whereas in case of semi-Dirac, it is the Hamiltonian squared which
is written in terms of the operators Q, and Qf. The eigen-equation for the Hamiltonian in
Eq. 4.10 is given by
0% 1

Q'Qén(u) = (=55 + 70" + w)dn(u) = endn(u), (4.11)

and a similar equation replacing QTQ on the left of Eq. 4.11 by QQT, with the plus sign

before u on the right side of the same equation replaced by a minus sign.

4.1.1 Solving the Eigenvalue problem by WKB Method

The eigenvalue problem in Eq. 4.11 is similar to solving for a Schrodinger equation with
a linear plus a quartic potential. The eigenvalue problem in Eq. 4.11 can not be solved
exactly due to the presence of the quartic potential term %u‘l. For some general results one
must resort to an approximate method. The ‘Wentzel Kramers Brillouin’ or WKB method
is such an approximate method, which allows one to compute the eigen-energies without
needing first to solve the Schrodinger’s equation. It is based on casting the wave-function
under certain approximations in such a way that the energy quantization comes out as
a requirement of uniqueness of the wave-function. Following is a brief description of the

WKB method.
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4.1.2 WKB Method

For simplicity and also due to the relevance to the problem at hand, in the following only
the one dimensional case is considered. A higher dimensional generalization, although not
required for our problem, is straight forward. The one dimensional Schrodinger equation

can be written as

d2 2
d—;é’ - —%zp, (4.12)
where
p(z) = 2m(E — V(x)). (4.13)

x denotes the space variable; E, the eigenvalue and V, the potential. It is noted that p
in Eq. 4.13 reduces to the conventional free particle momentum when V(z) = 0. p is in
general a function of z. Writing 1(x) = A(x)e**®) for the wave-function v (z), and after
substituting that in Eq. 4.12, equating the real and the imaginary parts separately one
obtains the following coupled equations for the amplitude and the phase functions A(x)

and ¢(x) respectively.

Zo=(¢)? - p(z) (4.14)

(A%¢)) = 0. (4.15)
The solution to Eq. 4.15 is easy and is given by
A%¢ = C, (4.16)

where C'is a constant. Next it is assumed that Aj” is a small quantity, which is a reasonable

assumption if A is slowly varying function of x. Then the left side of Eq. 4.14 is = 0 and
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the following is obtained
¢ ==+ (4.17)
Solving for ¢,

¢:i%/ﬂ@. (4.18)

Using Eq. 4.18 in Eq. 4.16, the following is obtained

(4.19)
Combining Eq. 4.19 and Eq. 4.18 the following expression is obtained for the wave-function

Y(x) = A ;m)eiéfp(@dx. (4.20)

POTENTIAL

TURNING POINTS

NON-CLASSICAL REGION CLASSICAL REGION NON-CLASSICAL REGION

Fig. 4.1: Tllustrating classical and nonclassical regions, as well as turning points

p(x) in Eq. 4.20 can be real or imaginary depending on whether x is in the classical
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region or not. By classical region one means the range of the space variable x, in which
the total energy of the particle F is greater than V' (z). The range of x, in which E < V(x)
is called the nonclassical region. In the non-classical region, p(z) given by Eq. 4.13 is

imaginary. Hence in the nonclassical region Eq. 4.20 reduces to

o) — &k [ Ip@)de
v/ M 2

In Fig.4.1 the classical region, the non-classical region, and turning points (values of z
where the total energy is equal to the potential energy) are shown. In the following one of
the turning points is considered: the right turning point. Shifting the origin to there and
referring to Eqs. 4.20 and 4.21 one can write the wave-function for the classical (z < 0)

and the non-classical (x > 0) regions as follows

Y(x) =~ ! [Be%fv?p(x/)dx/ +Ce fa?p(m/)d‘”/],m <0 (4.22a)
p(x)

~ 4;pra%ﬁmwwﬁx>o. (4.22D)
p(2)]

4.1.3 Patching Function

The wave-functions given by Eq. 4.22 has a serious problem: they blow up at the turning
points, where p(x) = 0. So it is suspected although the wave-functions given by Eq. 4.22
are good approximations away from the turning point and well into the classical and the
non-classical regions, a different patching function is needed for the region around the
turning point. In the following it is described how that patching function is obtained.
Referring to Fig.4.2, the potential function is Taylor-expanded about the turning point as

follows:

V(z)~ E+V'(0)x, (4.23)

25



POTENTIAL

LINARIZED POTENTIAL

ACTUAL POTENTIAL

RIGHT TURNING POINT

CLASSICAL REGION Y NON-CLASSICAL REGION

Fig. 4.2: Zooming in on one of the turning points

where F is the total energy, and V/(0) denotes the slope of the potential at x = 0. Inserting
Eq. 4.23 in Eq. 4.12, the following is obtained

d2 atc
Tl — e, (1.21)

where 9patcn is the patching function valid near the turning point and 3 is a constant
given by 8 = [%—@V’(O)]% Eq. 4.24 goes by the name ‘Airy’s equation’. [Absorbing the
constant § in the variable z, one could cast Eq. 4.24 in a form more recognizable as a
Airy’s equation, for example, ‘(1127%’ = —z1), where z is the new variable Sz.] The linearly
independent solutions of Eq. 4.24 are given by the functions Ai(8x) and Bi(fz). The most
general solution of the Airy’s equation will involve both the functions. But the fact that
Bi(px) blows up for large values of « does not qualify it as a physical solution for ¥patch:
after all, the patching function should match with the exponentially decaying expression

for the wave function in the nonclassical region given by Eq. 4.22b. Hence for the turning

point under question, the solution for the patching function will involve Ai(Bx) only. In the
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Ai(z) versus z Bi(z) versus z

Ai(z)
Bi(2)

Fig. 4.3: The Airy’s functions Ai(z) and Bi(z)

following only the classical region (x < 0) is considered, since that will help us obtain the
WKB quantization condition. The wave function assumes an uninteresting exponentially
decaying form in the non-classical region (x > 0). In the following it is verified that the
asymptotic expression for the Airy function Ai(Sz) in the classical region matches with
Eq. 4.22b. The reason for considering an asymptotic expression for the Airy function in
the classical region is that it is a solution for the wave function around the right turning
point which is rather far away from the core of the classical region. Inserting Eq. 4.23 in

Eq. 4.13, the following is obtained

p(z) =~ hﬁ% V. (4.25)
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Using Eq. 4.25 for p(z) in Eq. 4.22a, the following is obtained

]. -2 3 .9 3
¢($) s 7[Bez§h(fax)2 + Cefzgh(faz)Q] (4.26)
Vha' (—x)i
The asymptotic expression for ¥pagen is:
. 1 .2 3 T
@Z}patch AZ(ﬁl’) ~ — 1 Sln[g(_ﬁfﬂ)Q + Z],iﬂ < 0. (427)

V(=pz)i

Comparing Eq. 4.26 and Eq. 4.27 it is observed that they agree as expected with the

jus

choices of B = %0‘2% ‘% and C = —\/%Q%.e”%. Hence Eq. 4.27 gives the wave function
for the classical region. In Eq. 4.27 the term %(—Bm)% appearing in the argument of
the sine function is nothing but the integral fa?p(x’)dx’, where p(z) is given by Eq. 4.25.
As for the upper limit of integration, one can replace 0 by a more generic symbol zo,
corresponding to the right turning point as shown in Fig.4.1. Finally dropping the pre
factors, in Eq. 4.27 only the sine function is written as

sin[% /x2 p(2')dx' + Z] (4.28)

[With the goal of obtaining the WKB quantization condition it will suffice to focuss on the
sine function only.] Eq. 4.28 does not depend on a specific choice of origin. In an exactly
similar way expanding the potential V' (x) about the left turning point as shown in Fig.4.1,
a very similar expression as Eq. 4.28 will be arrived at. The only difference will be in the
limits of integration in the integral appearing inside the argument of the sine function:
instead of having [ p(z')da’ one will have f;l p(z')dz’, where 1 is the co-ordinate of the
left turning point. Hence for the left turning point, the expression that would correspond
to to Eq. 4.28 is given as follows

sin[% /x p(z')dx' + %] (4.29)
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The expressions given by Eq. 4.28 and Eq. 4.29 should correspond to the same wave
function: the wave function being unique(up to a sign)should not depend on how it is
arrived at. As a wave function is unique up to a sign, the argument of the sine function in
Eq. 4.29 can be multiplied with an overall negative sign. [Any special assumption is not
being made here. It’s just that without the negative sign one doesn’t get the quantization

condition in its desired form.] With that little adjustment, Eq. 4.29 is transformed into

sin[—% / " () — n (4.30)

1

Considering the equivalence of Eq. 4.28 and Eq. 4.30, and using the fact that two sine
functions differ at most by a sign if their arguments differ by an additive constant nr(where

n is an integer), the following WKB energy quantization condition is obtained

/wz p(z)dx = (n + %)ﬂ'h, (4.31)

1

n being an integer. This finishes the description of the WKB method. Next it is described

how the method is applied in the context of the semi-Dirac problem.

4.1.4 Results obtained with the help of WKB method

With an aim to solving the eigenvalue problem in Eq. 4.11 it is noted that every eigenfunc-

tion of h given by Eq. 4.7 is also an eigenfunction of A%, and that although the potential

2

given by Fig.4.4 is negative in the interval (0,41/3), the eigenvalues 2

must be non-negative.
In the following it is described how the WKB method is applied to compute the eigen-
values. Initially neglecting the linear term in the potential, the WKB condition given by

Eq. 4.31 becomes

Vel 1
/ A/ En — —utdu = (n+ =), (4.32)
2k 4 2
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Potential

Coordinate u

Fig. 4.4: Potential energy function iu‘l + u for the one-dimensional Schrodinger equation and the
resulting quantized energy levels for h? obtained by the WKB method. The lowest three
energy eigenvalues €,,’s are given explicitly.

which can be solved in closed form to give the eigenvalues for the quartic potential as

(3 1.4 1.4
€2 = [3\/;int;]4/3(n +5)% = 1.3765(n + )5 (4.33)

4

The linear perturbation corrects the eigenvalues only to second order, which is a small
correction as verified by direct numerical solution, which gets successively smaller for
higher eigenvalues. [This has been verified by numerical solution of the eigenvalue problem
in Eq. 4.11.] Therefore the semiDirac system has eigenvalues in a magnetic field which

scale as B¥® (from Eq. 4.6) and increase as (n+ %)2/3 (from Eq. 4.33) as n gets large. Both
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aspects lie between the behaviors for conventional Landau levels (linear in B, proportional
the n + %) and the Dirac point behavior (proportional to v/ B n), as might have been
anticipated. Some low-lying eigenvalues of h? are shown in Fig.4.4 against the potential

well. It is noted that there is no zero-energy solution as in the graphene problem.

4.2 Faraday Rotation in the context of the semi-Dirac system

4.2.1 The semiclassical equation of motion

The semiclassical equation of motion of an electron in a magnetic field Bis given by

dk
e = —

y7 v x B. (4.34)

ol

Using Eq. (2.6) for v, in Eq. (4.34), one obtains the following expressions

dK,
o5 = —woky, (4.35a)
K,

% = 2uK?2, (4.35b)

where K, and K, are the dimensionless variables associated with momentum introduced

before, and wy is given by

B 2
wo = 20 (4.36)
ce

where B is the magnetic field, and e, the Fermi energy. Combining Eqs. Eq. (4.35a) and
Eq. (4.35b), the following differential equation is obtained

A’K,

5 = —2wi K3, (4.37)

In order to solve this second order differential equation, we multiply both sides of the
equation by K, (Kx denotes the derivative of K, w.r.t time). Both the right and the

left sides of the equation can then be written as a total derivative of time, which can be

31



integrated to give
K, = —wK!+cC, (4.38)

where the constant C' can be determined from the condition that Kx = 0 when K, =
(K2)max. This follows from the fact that K, is equal to 0 when K, = 0, as can be seen
from Eq. (4.35a); and from the semiDirac dispersion given by Eq. 2.2, K, = 0 corresponds
to Ky = (Kg)max = \/% Hence Eq. 4.38 becomes

Kx = wo (K:E)4 _Ka%? (439)

max

4.2.2  The cyclotron frequency, solutions for K, and K, as functions of time, and the

cyclotron orbit

Integrating Eq. 4.39, one obtains K, as a function of time. Once K, is known, K, can
be obtained from Eq. 4.35b. Before showing the detailed results for that, it is observed
that the time period can be obtained simply by integrating Eq. 4.39 from —(K;)max to

(K2)max for the variable K. The time period (7') thus obtained is

45

WOT = W = 4.[1 AV E/EQ, (440)

— 27

where I is given by Eq. 2.5. From Eq. 4.40, the fundamental cyclotron frequency w. = 77

is obtained as

wewy = glfl(a/ao)*%. (4.41)

The cyclotron frequencies for the parabolic and the linear dispersion cases are given by
(% = fn—fi) and % respectively(up is the Bohr magneton). Comparing with Eq. 4.41 it
is observed that the cyclotron frequencies for all the three cases(the parabolic, linear, and

semi-Dirac) depend linearly on the magnetic field. The cyclotron frequency is independent
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of the Fermi energy for parabolic dispersion, whereas it varies as £~3 for the semiDirac
dispersion and as €' for the linear Dirac dispersion. One important aspect of the semi-
Dirac dispersion is that the semi-Dirac dispersion being anisotropic in the momentum
space can have harmonics of the fundamental cyclotron frequency given by Eq. 4.41. This
feature is absent in the Dirac or the two dimensional parabolic dispersion where the energy
momentum dispersion is isotropic giving rise to only one value for the cyclotron frequency.

Next, In order to find the solution to Eq. 4.39 in closed form, a new variable K, is

introduced defined as K| = 0 Kf)fn —. Eq. 4.39 is rewritten in terms of the new variable as

follows
K, = wi\/1— K4 (4.42)

/ . .
where wy, is given by

wé = (Kg)maxwo = \/ ;T)WO (4.43)

The solution to Eq. 4.42 can be given in closed form in terms of elliptic integrals. To that

end Eq. 4.42 is written in the integral form as follows

/ ARy / (4.44)

The solution of the above equation is given by

1 2K 1
— F(arcsin V2K —) = wyt, (4.45)

V2 \/1+K;4,ﬁ

where the function F' is the elliptic integral of the first kind. It has two arguments and is

defined as follows

F(p, k) = /Ow _dw (4.46)

V1 —k2sin2w
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The implicit expression in Eq. 4.45 is solved for the variable K/ (there is command in
Matlab to do that). K; and K are plotted w.r.t the dimensionless time variable ¢’ = wyt in
Fig.4.5. K; and K, have an inverse relationship as far as evolution with time is concerned:

KX prime and Ky prime versus t prime

1 1
0.8F 40.8
0.6F 40.6
() Q
E E
a a
x >
N N
0.4 10.4
0.2 10.2
O 1 1 1 0
0 0.5 1 15 2
t prime

Fig. 4.5: K} and K versus the dimensionless time variable ¢’

as one of them increases, the other one decreases. Their rates of change w.r.t time are also
not the same. As can be seen from Fig.4.5, near ¢’ = 0, K/, changes much more rapidly
than Kg’/, which stays approximately flat for a while. This is reversed near the end where
K, is close to one and K, is close to zero. The differential equation for the cyclotron orbit
is obtained by dividing Eq. 4.35b by Eq. 4.35a. Solving for that, we obtain the semi-Dirac
constant energy contour as an expression for the cyclotron orbit, which is expected, since

the energy of an electron does not change when it moves under the influence of magnetic

34



field.

4.2.3 Faraday Rotation

Angle of rotation of the plane
Of polarization

Fig. 4.6: Faraday rotation [36]

The Faraday rotation Fig.4.6 is the phenomenon of rotation of polarization of light after
passing a medium in the presence of the magnetic field. This was first discovered by Michael
Faraday, which helped to establish the relationship between light and electromagnetism.

The Faraday rotation angle is given by the expression [36]
O(w,B) = Zyfs(w)Re[ozy(w,B)], (4.47)

where Zj is the impedance of the vacuum, f, is the spectrally featureless function specific
to the substrate, and o, is the dynamic Hall conductivity. According to the Drude formula

the dynamic Hall conductivity is given by [36]

—-2D We

T w?— (w+ L)?’

(4.48)

U:Ey ==
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where D is the Drude weight, given by D = %eQD(e)(v2>. Taking the real part of Eq. 4.48

and using it in Eq. 4.47 we obtain

O(w,B) = ——20Is\WIZe (4.49)

where I(w) is given by

I(w) = ¢ 7 (4.50)

(@2 —w?+ B)2+ i

Extremizing I(w) and inserting the resulting expression for I(w) in Eq. 4.49 we obtain the

following expression for the maximum value of the Faraday rotation angle 8

O(w,B) = —Zofs(w)Dwer” , (4.51)
27 (w272 + 1)2 — 2)

The Drude weight D ~ & for Dirac dispersion (since D(¢) ~ &, and (v?) is a constant).
The Dirac cyclotron frequency w,. ~ e~'. Hence the product Dw, that appears in the nu-
merator of Eq. 4.51 is independent of the doping level for Dirac dispersion. For semi-Dirac
dispersion, D ~ 5%, which follows from the fact that the product D(e)(v?) ~ D(E)(UZ),

where v, is the speed in the relativistic direction, and that D(e)(v2) ~ £2. The last step
follows by combining Eq. 2.4 and Eq. 2.10b. For the same dispersion w, ~ e 3 (from
Eq. 4.41). Hence, like Dirac dispersion, Dw, for the semi-Dirac dispersion is independent
of the doping energy. For two dimensional parabolic dispersion, w, is independent of the
doping energy, but D ~ . Hence Dw, depends on the doping energy. This is a significant
difference when compared to the Dirac and the semi-Dirac dispersion.

For Dirac and semi-Dirac systems the dependence of the Faraday angle on the doping
level arises from the term w.7 in the denominator of Eq. 4.51, whereas the numerator is
independent of doping. For those dispersions one can fine tune the Fermi energy to obtain

a large value of the Faraday angle by bringing the term w.7 close to three, so that the

term (w272 + 1)% — 2 appearing in denominator goes to zero causing a significant value for
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the Faraday angle.
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5. FEATURES OF THE SEMI-DIRAC DISPERSION

5.1 Introduction

In this section a study of the low energy behavior of a semi-Dirac system is presented. That
includes Hall coefficient, magnetic susceptibility and heat capacity. Results for plasma
frequency versus doping level are also provided. Some new behavior along with somewhat
conventional results are found. In the next chapter some results for Klein tunneling of semi-
Dirac particles are given. While for several properties semi-Dirac behavior is intermediate

and thus unique, it may become quite different for certain properties.

5.2 Hall Coefficient

The Hall effect is the building up of voltage transverse to the direction of the flow of the
current when magnetic field is applied in a bar of a material. Classically the Hall effect can
be thought of as a result of the deflecting Lorentz force that an electron encounters in the
presence of the magnetic field. As an indicator of the intensity of this effect one defines
a quantity called the Hall coefficient (Rp), which is the ratio of the transverse electric
field and the product of the current and the magnetic field. For a given current the Hall
coefficient gives a measure of how strong the transverse electric field is, or in other words
how strongly an electron is deflected. Without considering the details of the band structure
the Hall coefficient turns out to be a rather simple expression given as Ry = n_Tlcv where
n is the carrier concentration. With the help of Bloch Boltzman transport theory, in the
following it is shown how to obtain an energy-momentum dispersion dependent expression
for the Hall coefficient [37]. It is also shown even with as exotic a dispersion as semi-Dirac

dispersion one obtains Ry = ngc! Following an argument based on mathematical and



geometrical features of the Fermi surface, it is proven that the above result holds for a

class of energy momentum dispersion relation.

5.2.1 Bloch-Boltzman Transport theory

In transport theory the collective motions of electrons is considered. Electrons move due
to the application of the electric and the magnetic field or the presence of a tempera-
ture gradient. The existence of a temperature gradient is ignored in computing the Hall
coefficient. In Boltzman transport theory an important quantity is the local distribution
function F'(r, k) of electrons. F'(r,k)drdk gives the number of electrons in the phase-space

volume drdk. In steady state F'(r,k) is given by

F(r,k) = f(e(k — B 'Fey)), (5.1)

where f(e) and Fey are the Fermi-Dirac distribution and external force respectively. 7 is

relaxation time. The Fermi-Dirac distribution f(e) is given by

e—p —1

&) =1+emnt (5.2)

where the standard notations for energy, chemical potential and Boltzman’s constant have

been used. The external force Fey is the Lorentz force given by

Foxt = —¢E —ev(k + ¢E) x B. (5.3)

The local distribution in Eq. 5.1 can be physically interpreted being same as the Fermi-
Dirac distribution at an earlier time ¢t—7, when the momentum of the electron was k—F oy 7.
[During the time interval 7, the the momentum changes by Fext7, which is a consequence
of the semi-classical equation of motion %’ = dg—tk = F.] It is assumed that there has been

no collision in the time interval 7, and that the electrons maintain a quasi-equilibrium
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distribution after the collision. The current can be written as

o = —%Ekva(k)F(r, k). (5.4)

The same current assumes the following form when expressed as a function of the electric

and the magnetic field [37]

Ja = UaﬂEﬁ + Uaﬂ’yEﬁBva (5.5)
A
V4
B
y
++++++++++++++

j, -y B/

Fig. 5.1: The arrangement for the Hall effect. The applied magnetic field is in the z direction and
the current flows along x.

where 0,3 and 0,3, are tensors. A two-dimensional system described by the co-
ordinates x and ¥ is considered. The current flows initially along the z-direction as shown
in Fig.5.1. A magnetic field B is applied along the z-direction. Setting j, , the current

along y, in Eq. 5.5 to be zero (at equilibrium), the Hall coefficient Ry is obtained as

Ry = _Ozyz (5.6)

OxzOyy
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After Taylor expanding Eq. 5.1 w.r.t the parameter 7, the resulting expression is inserted

in Eq. 5.4, and the final expression is compared to Eq. 5.5. One obtains

o B o . of
v = g1 [ Wit~ vl ) (5.7
1 2, af
Oxx = o2 dk’l}x( aﬂ() (5'7b)
1 of

The factor (—(%;) in the above equations arises as a result of Taylor expansion and

in the low temperature limit is approximately equal to —d(e — ). Using the identity
[dkd(e — ex) = [ dk|v; '], where dk; is the length along the Fermi-contour of the semi-

Dirac dispersion, we obtain

1 _ 0 o

S W/dmvkl”vy(vy%—vw%)] (5.80)
1 _

Opy = 27T2/dk1|vk1|vfc (5.8b)
1 _

Oy = W/dklyukl\vg. (5.8¢)

It is shown in the following that Eq. 5.8a is the area A, spanned by the velocity vector over
the Fermi surface[38]. With the co-ordinates depicted in Fig.5.2, the following identity is

obtained

)z = v [(VXx2).V]u, (5.9)

To derive the last line of Eq. 5.9, the fact that .V is the change ‘d’ along the Fermi contour
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/v

Area enclosed by the velocity vector= I Vdex

Area enclosed by the Fermi surface = J’kydkx

Fig. 5.2: The areas enclosed by the Fermi-contour as well as the closed curve described by the
velocity vector defined on the Fermi contour

is used. Using Eq. 5.9 in Eq. 5.8a, the following expression for o,. is obtained.

Opyz = /vydvx. (5.10)

Eq. 5.10 is the area enclosed by the curve generated by the velocity vector at the Fermi
contour, as one traverses along the Fermi-contour. This is a nice geometrical interpretation
of 04y.. In the following the expressions for o,, and o, are also simplified. The velocity
vk ~ Vkex at the Fermi contour is perpendicular to the line element dk;. But Vie-dk =0
implies

dky _ Vs
dky vy

(5.11)

Using Eq. 5.11 in the expression for |dk;| given as |dk;| = (1 4+ (%)2)%, the following is
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obtained

| = gy, (5.12)
v

Y

where the fact that |vg| = |/v2 + v2 is used. Using Eq. 5.11 and Eq. 5.12 in Eq. 5.8b and

in Eq. 5.8¢c, one obtains

1

Opy = 27r2/dl7<:yvgc (5.13a)
1

ow = 3 / dkyv, (5.13D)

Using Eq. 5.10, Eq. 5.13 in Eq. 5.6, the following is obtained

. ﬁvydvgg
(522 [ dkyve) (5L [ dkavy)

Ry (5.14)

ﬁ J dkyvg in the denominator of Eq. 5.14 can be recast as an integration over the velocity
variable instead of over the momentum variable by executing an integration by parts as

follows

1 1 ;!
277‘_2 dky’Uz = 2771'2[ka1y|1 — ) kydvx}, (515)

where i and f are as indicated in Fig.5.3. [The semi-Dirac dispersion is symmetric both
in the x and the y directions. Hence the limits of the integrals appearing in Eq. 5.15 (and
also in Eq. 5.14) can be restricted to the first quadrant.]

Referring to Fig.5.3, ky, at ¢ and v, at f are zero. Hence Eq. 5.15 assumes the following

form.

1 17
—2771_2 dky'l}x = ﬁ ) kyd’l}x (516)
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velocity
vector at f

velocity
' | vector at i

Fig. 5.3: One quarter of the semi-Dirac contour. The velocities at ¢ and f are directed along k,
and k, axis respectively.

Inserting Eq. 5.16 in Eq. 5.14 the following is obtained

_ —#vydvx
(ﬁ fkydvr)(# J vydky)

Ry (5.17)

Next, it is noted that the carrier density n is proportional to the area swept by the vector
k as k moves along the Fermi surface, which is same as the area enclosed by the Fermi

surface as shown in Fig.5.2. Hence n is given by

1
Hence the quantity R n is given by:

_fk:ydk:x fvydvx
[ kydvy [ vydky,

Rfn = (5.19)

Eq. 5.19 is the key result of this section. It will help in proving that Rfn = —1 for the
semi-Dirac dispersion. It will also help establishing a general relationship between the

energy-momentum dispersion and the quantity R n.
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5.2.2 A theorem relating the energy-momentum dispersion and R"n being —1

Under the assumptions that the Fermi surface is not too complicated and that there exists a
pair of orthogonal azxes in the k-space such that they are normal to the Fermi surface at the
points they intersect the Fermi surface, if any component of the velocity vector is propor-
tional to the corresponding component of the k vector throughout the Fermi surface, R n
will be equal to —1. It is explained in the following how the theorem follows from Eq. 5.19.
From Eq. 5.19 it is observed if the y component of the velocity vector is proportional to
that of the k vector, Rfn will be equal to —1. There is nothing special about the k, or
the k, axis. If any component of the velocity vector is proportional to the corresponding
component of the k vector, R”n will be equal to —1. For graphene, the energy momentum
dispersion ~ /k2 + k2, which results in v, ~ ky (k2 + k;)*l/2 = kygl_*—’irmﬂ where €Fpermi
is the energy at the Fermi contour. Since v, o k, for the Dirac dispersion, Rfp is equal
to —1 for that case. For a simpler dispersion like the parabolic dispersion, both the com-
ponents of the velocity vector are proportional to those of the k vector. Hence RYn is
also —1 for that. For the semiDirac dispersion v, evaluated on the Fermi surface turns
out to be proportional to ky,(Eq. 2.7). [On the Fermi contour /K% + K% is a constant.]
Hence R¥n = —1. This is a rather surprising result given the complexity of the semi-Dirac
dispersion. Eq. 5.19 was arrived at by assuming that the Fermi contour is normal to the &,
and k, axes as shown in Fig.5.3. Hence if it turns out, for a particular choice of mutually
orthogonal axes the above-mentioned condition is not satisfied, that does not immediately
rule out R¥n being —1. One should try to find a pair of orthogonal axes which are normal
to the Fermi-contour. In case either that does not exist or the curvature of the F.S is
not as simple as shown in Fig.5.3, the validity of the theorem may be compromised. In
order to emphasize the point that the result is not true in general an hypothetical energy
momentum dispersion, say, £, = ak + bk‘;l is invoked. For this dispersion v, o k‘g Hence
the requirement that v, should be proportional to k, is violated. It can be shown by direct
calculation that Rfn = —.8488 # 1 for this problem. Hence it has been shown that the

Hall coefficient times the carrier density is a topologically invariant quantity for a certain
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class of band structures, whose F.S’s are not too complicated.

5.3 Heat Capacity

It is shown that the heat capacity for the non-interacting two-dimensional semi-Dirac
electron gas without any external potential is equal to that of the three-dimensional non-
interacting electron gas with the parabolic energy-momentum dispersion at both the low
and the high temperature ends. Relative to the natural energy scale ¢y introduced at the
beginning, the low and the high temperatures can be considered. The low temperature

heat capacity per particle for the semiDirac dispersion is :

2[1 e

which is calculated using Sommerfeld expansion [44](I; is given in Eq. 2.5). It is observed
that the heat capacity in Eq. 5.20 is proportional to y/e. A similar type of dependence with
energy is observed for the three dimensional electron gas. The major difference between the
heat capacity for a three dimensional electron gas and two dimensional semi-Dirac electron
gas is in the prefactors. This difference disappears quite nicely in the high temperature
end as is shown in the following. At high temperature, the heat capacity for the three
dimensional electron gas is given by %kB. In order to emphasize a technique that will be
used for the semi-Dirac problem a derivation of the above result for the three-D electron
gas is first outlined in the following. The Hamiltonian for the parabolic three dimensional

Hamiltonian is given by Hparabolic = ﬁ(p% + pz + p?). It can be shown that 275 =k

m
[where i = x,y, z]. Hence Hparabolic can be written as
1 OH boli OH, boli OH., boli
H. — parabolic parabolic parabolic ) 591
parabolic 9 (p:r apz + Yy 8py “+ v, 8pz ) ( )
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Next by equipartition theory, the ensemble average of each of mg%, pyg—g, andng—g is

kpT [43]. Hence taking the ensemble average of the Hamiltonian in Eq. 5.21, one obtains
3
< Hparabolic >= §]€BT (522)

Taking the derivative of < Hparapolic > W.r.t T' one obtains the expression for the heat

capacity as %kB. The classical semi-Dirac Hamiltonian is given by

p4
HSD = 7&2 + U2p22/ (523)

It is a two dimensional system, hence p, is absent in Eq. 5.23. Taking the derivative of

Hgp w.rt p, and p, the following identity is established.

1 O0Hgp 0Hgp

Hyp = -

(5.24)

Next the equipartition theorem is used to obtain an expression for the ensemble average

of Hyp. One obtains
1 3
< Hyp >= ikBT + kT = §kBT (5.25)

Taking the derivative of the above expression w.r.t T one obtains ¢, = %kB for the heat
capacity for the semi-Dirac dispersion. It is noted that it is exactly same as that of a three
dimensional non-interacting gas with parabolic dispersion. This result has also been veri-
fied by computing the heat capacity for the semi-Dirac dispersion directly starting from the
Boltzmann distribution. This is rather an interesting result. In the low temperature limit
the semi-Dirac heat capacity has the same energy dependence as the three dimensional
parabolic system. In the high temperature end of the spectrum the heat capacities are
identical. A two dimensional semi-Dirac system effectively behaves as a three dimensional
system. The appearance of this third degree of freedom can have potential technological

applications. For example, larger the heat capacity of the material, the better is its ability
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to maintain the desired temperature. So a semi-Dirac system can function more efficiently
as compared to other two dimensional systems so far as maintaining a fixed temperature

is concerned.

5.4 Plasmon frequency

5.4.1 Random Phase Approximation and Lindhard Dielectric function

The plasmon oscillation can be thought of as the oscillation of negatively charged electrons
in the background of positively charged ions. The plasmon oscillation frequency can be
determined with the help of classical Maxwell’s equations modeling electrons sloshing back
and forth in a positively charged background. So plasmon excitation can be thought of as
a result of the variation of the charge density. In the following it is outlined how one can
obtain the Linhard susceptibility expression starting from density-density Green’s function
and also obtain an expression for the dielectric constant making an approximation known
as the ‘Random Phase Approximation’. The density-density Green’s function is given by

[69]
X(a,t) =i < GS|Tpq(t)pl(0)|GS >, (5.26)

where |GS > is the ground state wave function. 7' indicates the time ordering, and q
stands for the momentum vector. The density operator pq(t) can be expressed as a sum

of the Fourier components as follows

ZCL ck+q (5.27)
k

where ¢! and ¢ are the creation and the destruction operators for the electron. The physical
interpretation of the density density Green’s function is it creates a particle-hole pair and

let it propagate in time. Spin is ignored in the calculation. Using Eq. 5.27 in Eq. 5.26 one
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obtains

X(a,t) =iY < GS|ef(Hentq(t)efs, aclGS > (5.28)
k

Approximating the |GS > by a non-interacting one, as well as applying Wick’s theorem,

Eq. 5.28 in the zeroth order approximation can be written as
k

where Gy(k,t) is a non-interacting Green’s function.

=
+
Q)

~iX,(G.1)= t 0

Fig. 5.4: Diagram showing the density density Green’s function iXy given by Eq. 5.29.

Eq. 5.29 can diagrammatically be represented as in Fig.5.4. The solid lines correspond
to free single particle Green’s functions. k and q are the internal and the external momenta
respectively. A hole is a particle moving backward in time. Because the two arrows in the
diagram are oppositely directed, one of them is a particle and the other is hole. Hence the

bubble is also called as a particle-hole or polarization loop. Taking the Fourier transform
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of Eq. 5.29 one obtains

Xo(q,w) = / b dte™™“"Xo(q, 1) (5.30)

—00

d
— Z/Q;Gg(k—i—q,eJrW)GO(kaf),
K

where Go(k, €) is given by

1

GO(ka 6) = €— €k + iéSign(Ek)

(5.31)

ek in Eq. 5.31 is the energy corresponding to the unperturbed Hamiltonian. Using the

expression for the Green’s function given by Eq. 5.31 in Eq. 5.30, one obtains

de 1 1
. g [ de , . (5.32
o(q,w) k| orictw_ Ektq T 108ign(extq) € — ek + i0sign (ex) (5.32)

In order to evaluate the integral given by Eq. 5.32 the observation is made when ey 4 and
€k are both positive, the poles of both the Green’s functions appearing in Eq. 5.32 have
poles in the lower half of the complex e plane. Hence the contour of integration can be
chosen in the upper half of the complex € plane, resulting in the integral being zero. A
similar result holds for the case when ex4q and e are both negative.(The contour then
needs to be chosen in the lower half of the complex e plane, both the poles being in the
upper half.) A nontrivial result follows when ex4q and ex are of opposite sign. In that

case the contour integrations in Eq. 5.32 give the following result

0(cxqq)0(—cK 0(—cx+q)0(ck
e+w—€k+q+z5 w—Ek+q—|—€k—Z(5
It is noticed either the first or the second term of Eq. 5.33 is nonzero. For finite temperature
scenario the theta function is be replaced by the Fermi-Dirac distribution function f.
0(—ek) is replaced by f(ek), the reason being 6(—ek) is non-zero when ey < 0.(The

chemical potential has been chosen to be the origin of the energy.) 6(ex) is replaced
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by 1 — f(ex) for obvious reason. After some algebraic manipulation The real part of X,

also called Lindhard susceptibility function, is given by

Pk fex) — flextq)
(27m)? hw + ex — Ek4q

Yo(@w) = ReXo(a,w) = / (5.34)

D Y
D

Fig. 5.5: First order diagrams for X

Arpa =

PEGOO0-

OUZO

Fig. 5.6: RPA diagram for y

The stage is set to discuss the Random Phase Approximation (RPA) technique. xq
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Eq. 5.34 gives the zeroth order approximation for the susceptibility x. In the following it is
shown how to obtain a better approximation of x through RPA. The first order diagrams
as shown in Fig.5.5 are considered. Not all the diagrams contribute equally for small ¢
and w. In the first diagram the variable ¢ is a free variable. Each wiggly line corresponds

L or ¢72 depending on whether the system is a three

to the potential Uq, which goes as ¢~
or a two dimensional one. So, in the first diagram there is a divergence coming from ¢
appearing in Uq. As for the other diagrams, the singularities arising from the potential
Uq gets integrated out. Hence the for small g, it is the first diagram which contributes

most among all the first order diagrams. In the RPA approximation all such diagrams are

collected ignoring others as shown in Fig.5.6. Hence xrp4 is given as

xrpa = xo(d,w) + xo(dw)[~Uqxo(d: )] + xo(a,w)[~Uqxo(a,w)]* + ... (5.35)
Xo(qvw)

1+ UqXO(CL w)
The pole of xrpa gives the Plasma excitation frequency. To build an intuitive under-
standing of that, the expression for the effective screened potential is considered in the
following. Variation of the charge density at one point creates an electric field at another
point in space, where the charge density gets influenced thereby. The effective screened

interaction energy due to the charge density fluctuation can be written as

Urpa(q,w) = Uq+ Uqgl—x0(q,w)Uq] + Uq[—XO(q,w)Uq]2 + ... (5.36)
_Us
1 + UqXO(Q; w)

It is noted that the effective potential in the RPA approximation gets screened by the
factor 1 + Uqgxo(q,w). A dielectric constant is defined to be a measure of the screening.

Hence the RPA expression for the dielectric constant is given by

e(q,w) =1+ Ugxo(q,w). (5.37)
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Plasma oscillation takes place in the absence of any external potential. If Uy = 0, the
denominator of Ugpa in Eq. 5.36, i,e £(q,w) is also zero in order to keep Urp4 finite.
Hence the plasmon frequency for the semiDirac system can be computed by setting (q, w)

to zero.

5.4.2 The Plasma Frequency for the Semi-Dirac Dispersion

In this section an expression for the Plasma frequency for the semi-Dirac dispersion is
obtained. Expanding ex4q in Eq. 5.34 for small q (only this limit is considered), the

numerator in Eq. 5.34 assumes the following low temperature expression

f(ek) — f(€k+q) = 1719 . 675(51( — 6). (5.38)

Expanding the denominator as well, Eq. 5.34 becomes

2 T -
ol w) = / é&ﬁk-@(%+ (f’;w)Q)a(gk—g). (5.39)

The Coulomb potential v(q) for a two dimensional system is given by

2me?

v(q) = pr (5.40)

where ¢ = /2 + qg, and k is the background dielectric constant of the medium. Using
Eq. 5.39 and Eq. 5.40 in Eq. 5.37, and setting Eq. 5.37 to zero, the plasmon frequency for

the semi-Dirac energy dispersion is obtained as

T 2
(hop)? = S0 pg) (5.41)
T K
where F'(0) is given by
F) = 5% (cos® O + %ffl% sin?6), (5.42)
3
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and Iy, I3 are given by Eq. 2.11a and in Eq. 2.11b respectively. ¢ is the energy scale defined
earlier and the polar coordinates ¢, have been introduced. 6 denotes the angle that the
plasmon wave-vector makes with the non-relativistic axis of the semi-Dirac dispersion. It
is recalled that the dimensionless Fermi energy variable is defined as £ = o Wp X /G is

the characteristic of a two-dimensional system.

X 107 The function F(theta)

5r x 10 i

F(theta)
D

w
T

0.01 0.02 0.03]

0 | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 14 16
angle between the plasmon wave vector g and the non relativistic direction

Fig. 5.7: Angular dependence of the function F

The function F'(0) is plotted against 6 in Fig. 5.7. Using Eq. 2.4 for the semiDirac
density of states and Eq. 2.10a and Eq. 2.10b for the average Fermi surface velocities

squared, Eq. 5.41 takes the following form

(hwy)® = gwezq’ZD@(@@cos?aJr<v§>sin20), (5.43)

As was mentioned at the end of section I, the average velocity in the relativistic direction
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(y) is significantly higher than that in the non-relativistic direction (z). From Eq. 5.43 it is
seen that the plasmon frequency is maximum when 6 = 7, i,e, when the wave vector oscil-
lates along the relativistic direction. For the plasmon oscillation along the non-relativistic
direction, the oscillation frequency is much smaller in magnitude as compared to the pre-
vious case. There exists a high anisotropy between the relativistic and the non-relativistic
directions in this respect. This bears the signature of the semi-Dirac dispersion and is in
sharp contrast to the two dimensional parabolic and the Dirac dispersions, for which the

Plasmon frequencies are isotropic.

5.5 Magnetic susceptibility

In this section the magnetic susceptibilities for the semi-Dirac dispersion are considered.

The Pauli paramagnetic susceptibility is given by

Xpara = 5D (e), (5.44)

where D(e) is the density of states. Using Eq. 2.4 for the semi-Dirac density of states,

Eq. 5.44 reduces to

2u%m
Xpara = 71_23;7!2 \/ga (545)

where £ = é is the dimensionless variable as mentioned before. For a non-interacting

Fermi liquid the orbital susceptibility is given by[40].

2,2 2 2 2
m:U’B4/ 2k[6 Eka Ek+2( 6ek )2
12730 ok2 Ok2 0k, 0k,
§(8ek D3ey % ey 16(e — &)
2\ Ok, Ok Ok2 " Ok, Ok, Ok2 8

Xorb = (546)
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Using Eq. 2.2 For ey in Eq. 5.47 and doing the integral the following is obtained.

221, ,u,2Bm%v
31 K23

Xorb = s (547)

where the integral I is given by fol da(—33a% +41a8 —9a?)(1 - a4)%1, a being a dummy
variable. Evaluating the numerical value for Iy and using the dimensionless variable &,

Eq. 5.47 reduces to

0798 mup 1

Xorb = 3 7\/2 (5.48)

It is observed that the orbital susceptibility for the semi-Dirac band structure is al-
ways diamagnetic. The absolute value of the ratio of the paramagnetic to the orbital

susceptibilities(i,e the ratio of Eq. 5.45 to Eq. 5.48)of the semi-Dirac dispersion is given by

| Xpare ) o 100¢ (5.49)

orb

This ratio is small due to the presence of £, which is small for the VO, system as was
mentioned before. Hence it is concluded that the orbital magnetic susceptibility for the
semi-Dirac dispersion dominates the paramagnetic susceptibility. This result is distinct
qualitatively from both the Dirac and the parabolic dispersion cases. For the doped Dirac
dispersion the orbital susceptibility vanishes identically. For conventional two dimensional
parabolic dispersion the orbital susceptibility is calculated using Eq. 5.47, and turns out to
be 67 times smaller than its paramagnetic susceptibility. Hence the unusually large orbital

susceptibility can be considered a characteristic feature of the semi-Dirac dispersion.
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6. KLEIN PARADOX AND THE SEMI-DIRAC DISPERSION

In this chapter results for Klein tunneling of semi-Dirac particles are given. Several ob-
servations about Klein tunneling for the particle-hole symmetric semi-Dirac system are
presented. The problem is given an extra richness by introducing a variable angle that
the barrier makes with respect to the anisotropic dispersion. Comparisons are made with
both other types of point Fermi surface systems (conventional zero-gap semiconductors

and graphene).

6.1 background

The Klein paradox, is the complete transmission of a relativistic electron through a po-
tential barrier even when the barrier is arbitrarily high. This strange phenomenon was
discovered by Oskar Klein in 1929[49][48]. It is an impossibility for a parabolic energy-
momentum dispersion. In that case the probability density outside the potential barrier
decreases exponentially with the increase of the barrier height. In the following Klein tun-
neling is described and a possible explanation of this seemingly paradoxical phenomenon is
given in terms of electron-hole pair production mechanism. A relativistic electron is con-
sidered with energy F and mass m in an one dimensional potential as given in Fig.6.1[48].
It is noticed in the energy range m < F < V — m, the particle and the hole continuum
overlaps. This happens due to the fact that the potential at > 0 lifts the energies of the
hole/positron sea. With the increase of the height of the potential barrier the width of the
overlap region increases. Klein found that the reflection R and the transmission coefficient

T for this one dimensional problem are

1—- I{]2 4k

T=——- 6.1
14k’ (6.1)

R=| (14 k)%’
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Fig. 6.1: An electron scattering off a step potential. The hatched region is the electron-continuum
and the grey region corresponds to the hole continuum. % and p are the momenta of the
incident and the transmitted electrons respectively.

where k is given by

p E+m

_p_£4+m 2
T kE+m-V (6.2)

k is the momentum of the incident particle. p, the momentum of the transmitted particle,

obeys the following relativistic expression

p=+/(V—-E)2—m2. (6.3)

Using the expression vy, = ‘fi—g for the group velocity vy, one obtains

(6.4)

A very interesting observation is made at this point. When E < V, v, is negative if p is
assumed to be positive. From the problem definition, for > 0 propagation to the right is
expected; but a negative v, does not indicate that. Hence one needs to use a negative sign

on the right side of Eq. 6.3. An electron with a negative momentum is equivalent to a hole
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with a momentum going to the right. Hence there will be a flux of holes moving to the right

causing a transmission current. With the discovery of graphene an opportunity to verify

Conduction and Valence bands
get shifted by an amount V

Conduction band

Energies are measured w.r.t this reference line

E: the energy of the

! incident electron

Valence band V: the strength of the
X<0 X=0 X>0 potential barrier

Fig. 6.2: graphene Valence and Conduction band picture in the context of Klein tunneling.

the Klein phenomenon presented itself. Electron in graphene is described by massless Dirac
equation. Since the graphene dispersion is massless, any energy of the incident electron
E less than V' causes the overlap of the particle-hole continua at the two sides of the
potential barrier. In other words, the conduction band in the z < 0 region and the valence
band in the x > 0 region are accessible to the energy F as shown in Fig. 6.2 rendering
Klein tunneling to be possible. Next the semi-Dirac dispersion is considered: Is Klein
tunneling possible for the semi-Dirac dispersion? A semi-Dirac dispersion is a zero-gap,
electron-hole symmetric dispersion. Hence both it’s valence and the conduction bands are
accessible at an energy less than the potential barrier. But as much as the Klein tunneling

is about the overlap of the particle-hole continua, it is also about the mathematical form
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of the dispersion. For example, the Klein tunneling does not happen in bilayer graphene
although it is a zero-gap, electron-hole symmetric dispersion. In the following the Klein
tunneling for the semiDirac dispersion is investigated, and interesting results are brought
into light, which are not characteristics of either the Dirac or the parabolic dispersion.
Substituting the momenta variables by the corresponding differential operators, the
tight-binding Hamiltonian corresponding to the semiDirac dispersion in Eq. 3.13 can be

written as

]52
H = vpyt, + ﬁﬂc (6.5)

where 7’s are the Pauli matrices and p,,) are the momenta operators given by —id/0x(y).
To get the essential physics keeping the mathematics as simple as possible, the special case
of normal incidences of a semi-Dirac quasi-particle with a potential barrier of width d
inclined at an angle  with respect to the x(nonrelativistic) axis is considered, as shown
in Fig.6.3. A set of orthogonal axes £ and 7, £ making an angle a w.r.t the x axis is
defined. The potential has a width d along the £ axis and is infinitely extended along the
n axis. It is assumed that the energy of the incident semi-Dirac quasi-particle is much
smaller than the barrier potential. There are three regions of interest: to the left of the
barrier where the potential is zero; the middle with nonzero potential; and to the right
of the barrier where the potential is also zero. They are referred to as regions I, I1,
and II1 respectively. The wave-functions in these regions are denoted by ¥, U7, Vrrr
respectively. The momenta operators along the = and the y(relativistic) directions can be

written in terms of the variables £ and 7 as follows:

DPr = Dgcosa — pysina (6.6)

Py = Pesina — p,cosa,

where pe(,) are the momenta operators given by —id/d¢(n). Since only the normal inci-

dence is considered the n degree of freedom can be eliminated from the problem. Hence
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v

Fig. 6.3: The top view of the potential barrier is shown. It extends infinitely in one direction,
but limited to a spatial length d in the orthogonal direction. An electron with energy E
and making an angle alpha with the non-relativistic direction is incident normally on the
potential.

the Hamiltonian in Eq. 6.5 takes the following form:
H = pevsinar, + Liﬂ cos® ar,. (6.7)
om’ ¢

For a finite value of a the forward propagating wave, which is of the form e™¢ times a
spinor, is an admissible eigenstate of the Hamiltonian. With that ansatz the Hamiltonian

in Eq. 6.7 becomes

H = vksinao[r, + tan 071, (6.8)
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cos?a _k
sina 2muv*

where tanf = When k goes to —k(as is the case when one considers the
backward propagating wave e~**¢ instead of the forward propagating wave ¢*¢), aside from
the positive multiplicative factor Avk the Hamiltonian in Eq. 6.7 goes from 7, 4+ tan 07, to

—[1, — tan 7).

6.2 The Derivation of the Resonance Condition

The time independent Schrodinger equation in a given potential can be written as

hp = (E = V), (6.9)

where h is the part of the Hamiltonian without the potential V. In regions I and I11,
E — V is positive. Hence the positive eigenvalue solutions as given by Eq. .25b in the
Appendix for the forward propagating wave and by Eq. .27b for the backward propagating
wave need to be considered in those regions. In region I1, V being much larger than E
results in (F — V) being negative. Hence the negative eigenvalue solutions as given by
Eq. .25¢ and Eq. .27c appearing in the appendix are of importance in that region. k’s in
regions I and I are equal and is denoted by k. k is denoted by ko in region II. ki and

ko are given by

vk sina(cosf)! = E, (6.10a)
vkysina(cosfy) ™! = V- E, (6.10b)
where 61 and 0y are given by

20k
tan g = ——t 2 (6.11)

sina 2muo
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Finally, the wave functions in the three regions are

vy

Wy

Wrrr

Jiki€ cos(01/2)
sin(61/2)
+re~thié sin(61/2) ,—oo <z <0,
cos(61/2)
b eiot sin(f2/2)
—cos(02/2)
4 cos(f2/2
+rye” 28 (62/2) ,0 <2 < d,
—sin(f2/2)
) cos(61/2
toethrs (61/2) ,d < x < 00,
sin(61/2)

(6.12)

where r,t1,71 and ¢ are constants. It is noticed that in the regions I and II both the

forward and backward traveling (reflected) waves are present. In region I1I only the

forward traveling but no reflected wave is considered. The absolute square of ¢t gives the

transmission coefficient. to is solved for matching the wave functions at the boundaries

y =0 and y = d, and the following expression for |ts|? is obtained:

lto]* =

where A and B are given by:

A

(sin 5 cos B cos 01 )2
A2 + B2 — 2AB cos kad’

[sin((f2 — 61)/2) cos O
+sin(f + 601)/2] cos((02 — 61)/2)

sin By sin®((02 + 01)/2)
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It can be shown when

cos kad = 1, (6.15)

the denominator in Eq. 6.13 becomes exactly equal to the numerator. The resonance

condition as given by Eq. 6.15 implies

k‘gd = QTL?T, (6.16)

where n is an integer. From Eq. 6.10b and Eq. 6.16 the following condition for complete

transmission of an incident wave is obtained:

N

(27w /d)(n? sin? a + n? cos® a(w /mud)?) (6.17)

= Vo—E

Eq. 6.17 gives the resonance condition when « is not equal to 7/2. For a = 7/2, 6; and
0y as given by Eq. 6.11 are zero, which makes |t2|? given by Eq. 6.13 indeterminate (%
form). Hence Eq. 6.17 can not directly be used for that case. o = 0 case will also need
separate consideration, one of the reasons being tan 6 appearing in the Hamiltonian given
by Eq. 6.8 becomes infinite when « is equal to zero. The other important reason is, as will
be seen, the Hamiltonian admits evanescent as well as propagating wave solutions when «

is set to zero.

6.3 Special Cases

Case I. a =73
As for the special cases, first the potential is considered to be perpendicular to the rel-

ativistic direction (o = 7). With the ansatz of the forward propagating wave efv¥ the
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Hamiltonian in Eq. 6.5 takes the following form in the k space:

H = vkyr,, (6.18)

the eigenvalues of which are +vk,. With the backward propagating wave ansatz e~ thkyy
the Hamiltonian in Eq. 6.5 reduces to a matrix, which is the negative of the one appearing
in Eq. 6.18, and hence with the same eigenvalues; but the eigenfunctions being reversed.

The wave-functions in the three regions are

I 0 T X
Uy = ™Y + e Y ,—00 <y < —d, (6.19)
0 1
1 ik} 0 1 —ikh 1
U = tie'™? +rie Y ,—d <y <d,
1 0
a1
Ui = tye™y ,d <y < oo,
0

where 7/,t},r] and t, are constants. k] and k) are given by hk} = E and hk) =V — E
respectively. Following the previous discussion about the sign of £ — V appearing on the
right side of Eq. 6.9, eigenvalues of appropriate signs and corresponding eigenfunctions are
considered for different regions (regions I, IT and IIT). The absolute square of ¢}, gives the
transmission coefficient. Matching the wavefunctions at the boundaries y = 0 and y = d,

the following is obtained:
[th[? = |e~i(Kitha)d 2, (6.20)

which is equal to 1. So it is seen that in case the potential is in the relativistic direction
there is complete transmission for the normal incidence. Now k) gets large as the potential
V gets large. But k) being in the argument of an oscillatory function given by Eq. 6.20, the
2

transmission coefficient |t5|* remains 1, which assures complete transmission even when

65



the potential barrier is large.

Case II.a =0
Next the potential is considered to be perpendicular to the x (the non-relativistic direction).
The Hamiltonian admits propagating as well as evanescent wave solutions. The y-
component of the momentum k, is zero since the particle is incident normally. For the
propagating waves eT*+* The Hamiltonian in Eq. 6.5 takes the following form in the k

space:
H= —;LTI, (6.21)

the eigenvalues of which are :I:%. For the evanescent wave of the form et Eq. 6.5
becomes the negative of the Hamiltonian given by Eq. 6.21, the eigenvalues remaining un-
changed. The eigenfunction corresponding to the positive-eigenvalue of one of the Hamil-
tonians is the same as the eigenfunction corresponding to the negative-eigenvalue of the
other Hamiltonian and wice versa.

The energy of the incident particle for both the propagating and the evanescent cases
are the same:(FE = %) Considering the propagating waves first, for regions I and I'17 like
before one takes into account the positive eigenvalue solution of the Hamiltonian given by
Eq. 6.21 and as for region I, the negative eigenvalue solution of the same Hamiltonian.
As for the evanescent waves, appropriate eigenfunctions are used for regions I Iland 111

keeping in mind that the Hamiltonian is negative of that of the propagating case. k;’s in

regions {I,III} and II are denoted by kf and kJ respectively, where k} and kf are given
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by v2mE and /2m|V — E| respectively. The wave functions in the three regions are

_ ikl 1 1" —ikix 1
Uy = €™M + e (6.22)
1 1

+t///6k’1’x 1 7
—1

—0o << —d,
U, = tllleikgz 1 + Tllle—ikgx 1
-1 —1

n_kl m_—kY
+t7 "2 +rye 2t ,
1 1

—d <z <d,

ik]x 1 + rélle—k’l’x
1 -1

U = the
d<x < oo,

where " " ¢ v ¢ " t5, vl are constants. In Eq. 6.22, for regions I and III the

evanescent waves are constructed in such a way that they don’t blow up when |z| becomes
large. There is no backward traveling wave in region IT1. [t§]? is the transmission coeffi-

cient. Equating the wave functions and its derivatives at the boundaries x = 0 and x = d,

the following is obtained for the transmission coefficient

s 1, —ikld
4ik] kye "2 2

t” 2 _
72 ‘e—k’z’d(kg +iky)2 — Rk — ik])2

(6.23)
Eq. 6.23 is the same as what appears in [39] in the context of the tunneling probability for
the bilayer graphene dispersion. ki gets large as the potential V' gets large. Because of
the presence of the exponential factor k2 in the denominator, the transmission coefficient
given by Eq. 6.23 goes to zero as the potential goes to infinity. So there is no transmission

when the potential is in the non relativistic direction and the particle is incident normally.
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6.4 Summary of Klein Tunneling in the Context of Semi-Dirac Band structure

COMPLETE TRANSMISSION

&
g
=
P-4
<
2
o
&
&/
z

RELATIVISTIC
DIRECTION

COMPLETE SUPRESSION

NON-RELATIVISTIC
DIRECTION

Fig. 6.4: Complete transmission for various orientations of the potential

The summary of our study is diagrammatically represented in Fig. 6.4. It is concluded
as far as normal incidences are concerned, the semiDirac material is perfectly transmitting
if the potential is along the direction in which the energy momentum dispersion is rela-
tivistic, but opaque for the orientation of the potential in the non-relativistic direction.
If the potential barrier is aligned at a finite angle w.r.t the non-relativistic direction one

obtains a resonance condition for complete transmission as given by Eq. 6.17.
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7. TOPOLOGICAL ASPECT OF THE SEMI-DIRAC BAND STRUCTURE:
CALCULATION OF BERRY’S PHASE

7.1 Introduction

In this section Berry’s phase[58] associated semi-Dirac dispersion is discussed. Berry’s
phase is a topological phase. As the Hamiltonian is changed adiabatically by varying a
parameter, in addition to an overall dynamic phase, the eigenfunction of the Hamiltonian
acquires the Berry’s phase. For determining the Berry’s phase, the parameter is brought
back to its initial value. In other words the parameter describes a loop in the parameter
space. In most cases Berry’s phase is zero. It can be nonzero if there is a degeneracy in the
spectrum of the Hamiltonian. Berry’s phase for ordinary parabolic dispersion is zero. It
has also been discussed in the context of Dirac dispersion[52] and turns out to be nonzero
for that case.

Berry’s phase (7,,) for the ny, band is given as

fyn—//SBn(k).dS, (7.1)

where S is the area enclosed by the loop in the parameter space, and B, is the Berry’s
curvature corresponding to the ng, band, described in the following. Let |n > be the nth

eigenstate of the Hamiltonian. The corresponding Berry’s connection A,, is defined as
A,=—-Im<n|Vn>. (7.2)

Berry’s curvature for the ny, band is the curl of A,, (V x A,), which can also be written



as

Im Z <n|VH|n' > x < n/|VH|n >

B, = —
(En’ - En)2

(7.3)

n'#n
In Eq. 7.3, the summation is restricted to different bands only (n # n'). If it happens to
be the case that the energies of the two different bands n and n' are equal, (i.e, E,; = E,,),
in other words there is a degeneracy in the spectrum of the Hamiltonian, the denominator
in Eq. 7.3 becomes zero. It is less likely that the off-diagonal terms in the Hamiltonian
matrix appearing in the numerator will also be zero. Under that circumstance the Berrry’s
curvature will have a singularity. Referring to Eq. 7.1, a singularity in Berrry’s curvature
would imply the Berry’s phase v, being non-zero[The property of a delta function is

recalled here].

7.2 Berry’s phase for the Dirac dispersion

It was mentioned before that Berry’s phase for the Dirac dispersion is non-zero. A deriva-
tion of that is given in the following [52]. The Hamiltonian for the Dirac dispersion is

given as

H = hokhp, (7.4)
where hp is the matrix given by
- 0 e
hp=1 (7.5)
ezﬁk 0,

The phase 0y appearing in Eq. 7.5 is given as

k
fx = arctan k—y (7.6)
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— e~ 0k
The normalized eigenstates of the Hamiltonian in Eq. 7.5 are - and =

V2 ei9k V2 1

with the eigenvalues 1 and —1 respectively. Plugging the eigenfunction with negative
eigenvalue in Eq. 7.2, the Berry’s connection for the lower band of the Dirac dispersion is

obtained as
1
A= —5Vk9k. (7.7)

Vi correspond to the gradient w.r.t k. Using Eq. 7.6 for 6y in Eq. 7.7 an explicit expression

for the Berry’s connection of the semi-Dirac Hamiltonian is obtained
A=——90, (7.8)

where 6 is the direction shown in Fig.7.2. The Berry’s connection given by the curl of

>

Fig. 7.1: The square contour along which the integration the Berry’s connection is integrated.

Eq. 7.8 vanishes identically everywhere except at (k;, ky) = (0,0) as can be checked by a
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straightforward calculation. Both the Berry’s connection and curvature blow up at k = 0.
The Berry’s phase can be computed by integrating A around a contour containing the
point of singularity. Since the result is independent of the shape of the contour, a circle of
radius k is chosen as shown in Fig. and A is integrated along it. Now A given by Eq.7.8
being proportional to % and the length of the circular contour being proportional to k,
the integral of A along the circular contour gives a finite number, which turns out to be ©
considering the right numerical factors in obtaining the result. This value of Berry’s phase
is obtained for the eigenfunction with the negative eigen value. A similar calculation with

the eigenfunction corresponding the positive eigen value will give —m for the Berry’s phase.

7.3 Berry’s phase for the semiDirac dispersion

As mentioned at the end of the Ch.3, semi-Dirac dispersion follows from more than one
Hamiltonian. To investigate the Berry’s phase problem the semi-Dirac Hamiltonian given
by Eq. 3.17 is chosen to facilitate the comparison with Dirac Hamiltonian. With the
dimensionless variables K, and K, and the energy scale gy defined at the beginning of

Ch.2, one can write Eq. 3.17 as
4 217
H = ¢y(K, —I-Ky)2h5D, (7.9)

where hyp is the matrix given by
hsp=| (7.10)
The phase 0k appearing in Eq. 7.10 is given as
Ok = arctan ﬁ (7.11)

K3
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—e~ 0k

1
The eigenstates of the Hamiltonian in Eq. 7.10 are and with the
eifx 1
eigenvalues 1 and —1 respectively. Plugging the eigenfunction with negative eigenvalue in
Eq. 7.2, the Berry’s connection for the lower band of the semi-Dirac dispersion is obtained

as
1
Vi correspond to the gradient w.r.t K. Using Eq. 7.11 for 6k in Eq. 7.12 an explicit

expression for the Berry’s connection of the semi-Dirac Hamiltonian is obtained

hoo KK, . K2 .
A=-— - 7. 7.13
ol KIpR2 T KT K2 (7.13)

The Berry’s connection given by the curl of Eq. 7.13 vanishes identically everywhere ex-
cept at (K, K,) = (0,0) as can be checked by a straightforward calculation. Does the
Berry’s curvature remain zero even at (K, = 0, K, = 0)? The vector field A blows up
at that point as can be seen from Eq. 7.13, but that does not necessarily imply that the
Berry’s connection also has a singularity there. To explain this point, an example from
the electrostatics is borrowed. The electric field E due to a point charge ¢ is given by
E = r%f, where r denotes the distance from the charge. It blows up at r = 0. This is
also reflected in one of the Maxwell’s equations, viz., V.E = p(the charge density). For
a point charge p assumes the form of a delta function. But the curl of the electric field
due to the same point charge does not have a delta function singularity at » = 0. In fact
V x E = 0 everywhere including at r = 0. This becomes clear when the definition of
a curl of a vector field is considered in terms of a limiting process. V x E is defined as
V x E = lima,,,,—0 %, where Ajqqp is the area of the loop enclosing the point under
consideration, which in this case is the » = 0 point. This definition of curl becomes the

conventional expression for curl involving derivatives of various components of the vector

field, when the derivatives are defined at the point under consideration. Considering a
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circular loop (the result holds for other types of loops too), E is always perpendicular to
the the line element dl, resulting in the line integral in the definition of curl mentioned
above to be zero, irrespective of how small the loop is, i.e, how close one is to the point
r = 0 under question. Hence it is concluded that V x E =0 at » = 0.

In order to compute the Berry’s curvature for the semi-Dirac dispersion at the point

K, = K, = 0 the following expression is used for V x A

A.dl
VxA= Ilim § .
Aloop*>0 Aloop

(7.14)

In the following the numerator of Eq. 7.14 is evaluated for a square contour. The square

Wy

2¢e

I
¥

Fig. 7.2: The square contour along which the integration the Berry’s connection is integrated.

contour has four sides marked by the Roman letters I through IV, as shown in Fig.7.2.
Using Eq. 7.13, and the line element dk = %dK, where p is the usual momentum scale

associated with the semi-Dirac dispersion, the line integral of the Berry’s connection A
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can be written explicitly as

1. 2K,K K2
Adk = — [~ YN K, 4 XK. 1
f{ 2 KL Rz K TR k2K (7.15)

In the following Eq. 7.15 is evaluated for all the sides of the square of Fig.7.2. Along the

side I, K, = —¢, a constant, which implies that dK, = 0 in Eq. 7.15 and K, varies from

K. dK,
Ki+e??

—e to €. Hence the integral in Eq. 7.15 becomes —e ffe which gives a zero since

the integrand is an odd function. In a very similar similar way one can show that the line

integral is zero along the side 111 of the square. As for the side I, K, = €, a constant,

e2dK,y
€ e4+K5 '

implying dK, = 0. Hence from Eq. 7.15 one obtains ff This is non-zero, but of
opposite sign compared to the contribution from side V. Hence when the contributions
from the sides I1 and I'V are added it gives zero. Hence the line integral along the square
contour is zero, irrespective of the size of the square, indicating that the Berry’s curvature
as given by Eq. 7.14 is zero for the semi-Dirac Hamiltonian. Other closed contours like
a rectangle or a trapezoid have been tried, all of them confirming the line integral being
zero. Finally an argument is given, which is based on transporting an eigenfunction along
a closed contour. The Berry’s phase can be obtained by a continuous transportation of the
eigenfunction of the Hamiltonian over a closed contour. If the sign of the eigenfunction
reverses after it comes back to the same point it started from, the Berry’s phase is non-
trivial. In case the eigenfunction maintains the sign, the Berry’s phase is zero. One starts
with an eigenstate of the Hamiltonian, and transports it along a closed loop. In the problem

of the Dirac dispersion one needs to worry about the continuity of the eigenfunction at

k; = 0, where there is a discontinuity in 6y given by arctan ;*.(arctan t* = —3 or
x x

B

~—

depending on whether k, approaches 0 from the left or the right side of zero respectively.
No such problem exists for semi-Dirac dispersion. For semi-Dirac, due to the presence of
K2 instead of K in the expression for f given by Eq. 7.11, fk is continuous at Kx = 0.
What that means is when an eigenstate of the semi-Dirac Hamiltonian given by Eq. 77 is

transported along a circle it’s phase does not face a discontinuity. So when it comes back
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to where it started, the sign of the eigenfunction does not get changed. This is a clear

indication of Berry’s phase being zero.

7.4 conclusion

In this chapter the topological aspect of the semi-Dirac dispersion was discussed. The
finding is somewhat surprising: semi-Dirac dispersion, which has a point Fermi surface like
a Dirac dispersion, and more complex (in terms of anisotropy) as compared to the Dirac
dispersion, is topologically simpler than the latter. That was verified by direct calculation
as well as by transporting an eigenfunction around a closed loop. It was mentioned at
the end of chapter 3 that a semi-Dirac Hamiltonian can have various forms. For a ‘real’
semi-Dirac Hamiltonian the Berry’s phase is trivially zero. In this chapter it is shown that

the result holds even when the Hamiltonian is complex.
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8. THE ENERGY LEVEL STATISTICS FOR THE SEMIDIRAC DISPERSION

8.1 Introduction

In this chapter Quantum Chaos and its relevance to the semi-Dirac dispersion is discussed.
Quantum Chaos is a relatively new idea which began with serious investigations by Michael
Berry, Gutzwiller and other proponents in the field. In the following, a brief description
of the basic concepts of Quantum Chaos is given. The discovery of the classical Chaos
theory[67], a very important one in contemporary physics, was a severe blow to the pre-
dictive power of Newtonian mechanics. With the help of Newton’s law one can predict
the trajectory of an object accurately, given its initial position and the velocity. But with
the advent of the Chaos theory things did not remain that simple any more. According
to Michael Berry[57], “Chaos is instability that persists, so that motion, although strictly
determined, is so sensitive that prediction is effectively impossible. With chaos, there is no
regularity, no strict repetition. The weather is a familiar example. Another is the erratic
rotation of one of the satellites of the planet Saturn, namely Hyperion, a potato-shaped
rock about the size of New York City.” After the Chaos theory, the determinism remained
purely in the mathematical sense: in a chaotic system if one could specify the initial
conditions with infinite accuracy, a trajectory could be determined precisely. Two trajec-
tories with very small differences in their initial conditions will evolve very differently over
time. So for all practical purposes the notion of predictability is seriously compromised.
However, there seems to be a very interesting connection between the classical chaos and

quantum mechanics.



8.2 Connection between Classical Chaos and Quantum mechanics

Due to the works of Bohr, Heisenberg, Schrodinger and others Quantum mechanics was de-
veloped in the 1920’s, which revolutionized the way physics was thought before that: it be-
came impossible to talk about trajectories any more. One could only predict the probabil-
ity of an event with the help of Schrodinger’s equation. As an alternative to the Schrodinger
equation approach, Richard Feynman introduced the path integral technique[53], accord-
ing to which the probability amplitude of a particle to go from a point A to another point B
is a function of all the possible paths that the particle can take between A and B. Different
paths are weighted differently, the greatest weight being associated with the classical path,
i,e the path which satisfies the Euler Lagrange equation or in simpler terms Newton’s law
of motion. The path integral technique allows one to think in terms of paths for solving
quantum mechanical problems. Path integral has a deep philosophical significance in the
sense that it unifies the classical and the quantum mechanics. The classical limit of quan-
tum mechanics is achieved as the Planck’s constant & goes to 0 as explained below. & in
essence is the quantum of action. According to the Feynman path integral technique[53],

the propagator is given by:
b %
K(b,a) :/ Dxzen”, (8.1)
a

where S is the action given by [ Ldt, L being the Lagrangian of the system. As i goes
to zero, the phase factor in Eq.8.1 oscillates rapidly and the greatest contribution to the
path integral comes from the path which has the zero first order variation(stationary phase
approximation). It can be shown that the path for which the above criterion is met is the
classical trajectory of the particle. That is how Newton’s law enters in the formulation
of quantum mechanics. It can be shown in the semiclassical approximation (A — 0), the
non-relativistic propagator takes the following approximate expression[25]:

9*s
Sl vy )

SIS

2en5, (8.2)

K(b,a) = (2mih)~
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where z, and x;, denote the co-ordinates of the points A and B respectively. In a system
whether there is chaos or not depends on how the potential function and its derivatives
behave over a region. An analogy can be drawn w.r.t the stability of a dynamical system.
Stability is determined by the sign of the second derivative of the potential. The positive
sign of the second derivative indicates stability, whereas the negative sign indicates the

lack of it. Through the expression 83,251 — appearing in Eq.8.2, the derivatives of the po-

tential enter into the expression of the semi-classical propagator; and the potential itself
enters through the action function S. Hence Eq.8.2 establishes a link between classical
chaos and quantum mechanics. This relationship leads to many interesting consequences.
The presence of chaos in the corresponding classical problem leaves its quantum signa-
ture, for example, in the statistics of the spacing of the consecutive energy levels. In the
subsequent sections this particular aspect of quantum chaos is described in details and
how it plays out for the semi-Dirac dispersion is investigated. Before going into that this
section is concluded by mentioning one fascinating aspect of quantum chaos: even when
chaos is present in the system, quantum mechanics is able to make precise predictions.
For example, the problem of scattering of an electron by a complicated (chaotic) potential
field can in theory be solved both classically and quantum mechanically. But the differ-
ence between the two is more fundamental than just being different in their predictions.
By use of classical mechanics one is not even able to make sensible predictions about the
physical observables due to the sensitive dependence of the trajectories to the initial con-
ditions, whereas the quantum mechanical expressions are not beset with such problems
for computing the same physical quantities. In a sense quantum mechanics takes care of
the philosophical questions about the issue of predictability which had beset the field of
physics after the advent of Chaos theory. Hence Michael Berry pointed out [57], ‘There is
no Quantum Chaos’, and instead of calling it Quantum Chaos coined the term ‘Quantum

Chaology’.
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8.3 Energy Level Statistics

The study of energy level statistics first originated in the context of nuclear physics, where
the Hamiltonian could not be specified exactly. Wigner came up with the idea that one
does not need to know about the details of a Hamiltonian other than the fact that the ele-
ments of the Hamiltonian matrix are random. This line of thought culminated in ‘Random
Matrix Theory’[54, 55, 56] which deals with the the energy level statistics of a random ma-
trix. Wigner showed that for a random matrix, the distribution of eigenvalues(as opposed
to the spacing between the consecutive eigenvalues, which will be discussed in the subse-
quent sections) take the shape of a semi-circle, which is known as the Wigner’s semi-circle
law. This is pretty remarkable because of its universality: Wigner’s semi-circle law does
not depend on any specific distribution that the elements of the random matrix follow. The
energy level statistics turns out to be a powerful tool even when the Hamiltonian is known
completely. The universality behavior of the statistics of the normalized energy level spac-
ings can be exploited to ascertain whether chaos is present in the system or not. There are
primarily two different types of universal distribution function for the normalized energy
level spacing: Poisson and Gaussian Orthogonal Ensemble (GOE). The Poisson distribu-

% where s is the normalized energy level spacing. [The

tion is given by the expression: e~
normalization procedure(also called the ‘unfolding process’) will be described in details
later.] The GOE distribution is given by %367252. If the billiards has less symmetry in
it, either due to a less symmetric boundary or because of an energy momentum dispersion
lacking in a specific symmetry, the latter being the case for the semi-Dirac dispersion,

the statistics is no more either of the two types of distributions mentioned above. The

distribution in that case is a superposition of N independent GOFE distributions[68], the

NG

)], where

mathematical form for the resulting distribution being given by 88—522[67’ fe(
er fc denotes the complementary error function, which is written in an integral form as
erfe(z) = %fzoo dte=”. N is an integer. For N = 1 the distribution reduces to the

conventional GOE distribution. For N = 2, the distribution starts from a non-zero value

at s = 0. [The distributions considered in this chapter will primarily fall into Poisson,
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GOE, or superposition of independent GOEs corresponding to N = 2]. The three types

distributions are shown in Fig.8.1.

Various statistics for the variable s

Exponential distribution

091 — GOE distribution g
Superposition of 2 independent GOEs

Fig. 8.1: Distributions of s

When chaos is present in the corresponding classical problem, the normalized level
spacings of the quantum energies follow the GOE (or superposition of independent GOEs)
distribution as opposed to the Poisson distribution, which corresponds to a problem with-
out chaos[59]. The GOE(or superposition of independent GOEs) distribution is quali-
tatively different from the Poisson distribution in the feature that the former goes to a
maximum for a non-zero value of s, whereas the latter peaks at s = 0, s being propor-
tional to the energy level spacing. That means the energy levels corresponding to the

GOE (or superposition of independent GOEs) distribution repel each other. Hence it can
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be said that the energy level repulsion is a feature of a chaotic system. The energy level
repulsion indicates that the energies are not distributed randomly. When the energy lev-
els are distributed randomly, it can mathematically be proved that s follows a Poisson
distribution[25]. Summarizing, the presence of energy level repulsion is a signature of
chaos, whereas the absence thereof is an indicator of regularity in a system. This is rather
interesting: although chaos in classical mechanics implies irregularity in the phase space,

the energy levels in the corresponding quantum problem are not randomly distributed.

8.4 The quantum billiards

A Quantum billiards[59][60][61] is essentially the system of an electron confined in an infi-
nite potential. With the advent of crystal growth and lithographic techniques, devices in
the micro or nanometer scale have been built[59]. They in the low temperature limit can
be thought of as physical realizations of Quantum billiards. An electron in such a device is
primarily scattered by the device boundary, and not by the impurities. Experimentation
on Quantum billiards can be performed with Scanning Tunneling Microscopy[59][63]. The
Quantum billiards problem requires solving for Schrodinger’s equation for an infinite po-
tential well. For such a problem, the wave function needs to vanish at the boundary, which
gives rise to the quantized energies. For different boundary shapes the energy levels will be
different. Hence one can construct the statistics for the s variable for different boundaries.
It turns out for irregularly shaped boundaries, the energy level statistics is more GOE
(or superposition of independent GOEs) type than the Poisson type. Fig.8.2 shows the
energy level statistics for various types of billiards. For them, the kinetic energy term in
the Hamiltonian is proportional to the Laplacian operator. The corresponding quantum
billiards problems are called ‘parabolic type’, since the Laplacian, when transformed in
the momentum space, becomes a quadratic function of the momentum. These results will
later be contrasted with those obtained for the quantum billiards corresponding to the

semi-Dirac dispersion.
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Fig. 8.2: Energy Level Statistics for Quantum billiards of various shapes[59]. The energy momen-
tum relationship in all of them is parabolic.

8.5 Solving for the Energies of the Quantum Billiards by Expansion Method

In quantum billiards the eigen-energies can be calculated exactly only in a very few specific
cases, e.g., a parabolic type problem(explained before) with a circular boundary. For
the rest of the situations, approximate techniques|[62] are necessary. In this section an
approximate technique called the expansion method[59] is explained. This method is later
used for the quantum billiards problem for the semi-Dirac dispersion. Fig.8.3 describes an
arbitrary shaped boundary for the Quantum Billiards problem. Let the domain enclosed

by the boundary be denoted by D. The Schrodinger equation for the problem can be
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Fig. 8.3: The Quantum Billiards problem with an arbitrary shaped boundary. There are three
regions I, II, and III. The potential is zero in region I and infinite in region III. In region
IT it is of magnitude Vj.

written as:
. R _,
= —— U =FU¥ .
(H =~ V? + V())¥ = BV, (53)
where
V(r) = 0,reD (8.4)

= 00, otherwise.

The quantum mechanical wave-function should vanish at the boundary 9D of the region
D, since the potential is infinite everywhere outside D. In order to solve this problem
by the Expansion method, the eigenstates of the Hamiltonian corresponding to a slightly

different problem, are considered. For this new problem it is assumed that the potential
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is infinite at the enclosing rectangular boundary as given in Fig.8.3. The corresponding

eigen-functions are given by

2 .07 2 .07
Prymi = 4/ aSIH(anlxl)V ;QSIn(amll'Z)a (8.5)

where n; and my are integers and a; and as are the dimensions of the rectangle. x; and
x9 correspond to the two orthogonal axes. The region inside the rectangle is divided into
regions I and II as shown in the figure. It is assumed that the potential takes a value 1}
in region II. As Vj approaches oo, the potential becomes the same as that given by Eq.8.4.
VU, the solution to Eq.8.3, can be written as a linear combination of ¢,, n,s appearing in

FEq.8.5, since they constitute a complete set of functions.
U= Z Ciidi, (8.6)
il

where C;; are constants. Inserting Eq.8.6 in Eq.8.3, multiplying the resulting expression
by @5, mys and @p, m, from the left and the right respectively, and integrating over the

rectangular region depicted in Fig.8.3, the following is obtained

Z (Hn1,m1,n2,m2 - E5n17m17n2,m2)0n1,m1 =0, (8.7)

mi,m2

where Hpy, iy no,ms 1S given by

Hp, iy ngmy = //d2r¢n1,m1 (r)ﬁ(bmﬂm(r)? (8.8)

H being the Hamiltonian operator appearing in Eq.8.3. Using the fact that the potential
is zero in region I, but assumes the value Vj in region I1(Fig.8.3), Eq.8.8 can be expressed

as

mi
+ (7)2]5711,71257%1,7712 + vammmmhﬂmv (8'9)

7T2h2[ n1 .9
2m aq as

Hnl,m1,n2,m2 =
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where

Uny,mi,n2,me = //H d2r¢n1,m1(r)¢n2,mz (r). (8.10)

The first term in Eq.8.9 is the kinetic energy term. The orthogonality of the ¢, m,(r)
functions have been used to derive Eq.8.8. The eigen-energies of the Hamiltonian can be
found by setting the determinant of the matrix (Hp, my.nomo — E0ny mins,ms) appearing

in Eq.8.7 to zero, which in the following is expressed in an equation form

|Hn1,m1,n2,m2 - E5n17m1,n27m2’ =0. (8-11)

The matrix Hy, m, nym, 1S an infinite matrix since each of the suffixes can go from 1 to oco.
For numerical calculations one can not work with an infinite matrix, and hence one needs
to truncate Hy, m, nym, for some finite values of its suffixes. There is no hard and fast
rule for how large the truncated Hamiltonian matrix need to be. It depends on the specific
problem at hand. At this point it is worth mentioning that the eigenvalues obtained by
the expansion method tend to the ideal ones as Vj tends to co. But increasing Vy without
increasing the number of the ¢y, y,’s in Eq.8.6 might lead to less accurate results. So one
needs to use a sufficiently large value of Vj which will go with a reasonably large number
of basis functions ¢y, m,’s. Of the computed eigenvalues only the lower ones are accurate.
A criterion, based on Weyl’s formula, regarding how many eigenvalues from the lower end

to trust, will be described.

8.6 Weyl’s formula

Once the eigen-energies are computed the differences between consecutive energy levels
are normalized with the help of Weyl’s formula by a technique called ‘unfolding’. Weyl’s

formula counts the number of energy eigenstates less than a given eigen-energy, which is
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also the same as the integrated density of states given by [25]

N(E) = (%Tlh)g / dE / Ppd®as(E — H(p,q)), (8.12)
where g is the geometrical dimension of the problem. N(FE) is proportional to the number
of states in the phase space constrained by the geometrical boundary of the billiard in
the real space and the constant Fermi contour in the momentum space. As an example
of how to obtain an expression for N(F), that quantity in the following is derived for the
parabolic dispersion. The energy momentum relationship for the parabolic dispersion is
E= %. The Fermi contour is a circle, the area of which is given by mp? = 72mE. Hence
the total area of the phase space under consideration is A(m2mFE), A being the real space
area of the billiard. From Heisenberg’s uncertainty principle, the unit of phase space area
is h2, where h is the Planck’s constant. [The square coming from the fact that the problem

is two-dimensional]. Hence the number of states in the above-mentioned phase space is

Am2mE _ A 2mE
h? T 4m p2

So Eq. 8.12 for the parabolic dispersion reduces to:

A 2mFE

N(E) = i

(8.13)

The Weyl’s expression Ngp for the semi-Dirac spectrum is obtained by taking the integral
of the expression appearing in Eq. 2.4 (i.e. finding the integrated density of states) and

then multiplying that by the real space area A of the billiard

2m 252 dk,
Nsp(E) = 2hZy 3/ (8.14)

h2m2
2maZ ¢

Next a dimensionless energy variable € is defined as E = In terms of the new

variable Nyp(FE) becomes

Nop(E) = 8740 A : (8.15)

l\.')
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The numerical pre-factor in Eq. 8.15 is obtained by combining the numerical factor and
the integral appearing in Eq. 8.14. Using the fact that A, the geometrical area of the circle

of diameter a, is given by ”Taz, Eq. 8.15 becomes

N,p(E) = 87403,

o (8.16)

N,p will be used for later calculations.

8.7 'The method of the unfolding of the spectra

To compute the energy level statistics, one needs to unfold the spectra first. In the following
it is explained what that means and how that is carried out.

In Fig.8.4, N computed from the eigenvalues obtained by actual diagonalization of
the Hamiltonian is plotted against the energy E. The shape of the function has the
appearance of a staircase and hence called the stair-case function. If there is only one state
corresponding to a given energy (that is, no degeneracy), the staircase function increases
by one as one moves to the next energy. But it is not so for the case with degeneracies. The
jump in the stair-case function at an energy will then be proportional to the degeneracy
corresponding to that energy. In order to compute the energy level statistics one can not
directly work with this rather rough-looking staircase function. Instead, one considers the
Weyl’s expression for N given by Eq. 8.13 or Eq. 8.15. Plotting N obtained by direct
diagonalization of the Hamiltonian and that obtained from Weyl’s expression together,
only those eigenvalues are accurate which correspond to the region where the two curves
are quite close to each other. There are no hard and fast rules to determine the closeness
of the two curves. Depending on the problem at hand a sensible eye-estimate suffices in
most of the cases. The difference between the values of N given by Weyl’s expression at
consecutive energies are defined as the new variable s. The procedure of obtaining the
values for s is called unfolding. Since the Weyl’s expression is a smooth version of the

staircase function, and the staircase function changes by one on an average (assuming
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Fig. 8.4: Unfolding of the spectra[59]. The staircase function is obtained by direct calculation
of the eigenvalues using a suitable numerical technique like the expansion method(EM).
The smooth curve (the dotted line) is obtained from Weyl’s formula. E,, are the discrete
energy values and N (E,,) are the corresponding points on the Weyl curve. The variable s is
defined as the differences in the consecutive N(E,,)’s. The Energy momentum relationship
for this problem is quadratic.

there are not too many degeneracies) between two consecutive energies, the variable s
should have an average value of 1. It’s the statistics of s that one is interested in. As

mentioned before the probability density function of s has a universal behavior.

8.8 Results for the semi-Dirac dispersion

A quantum billiards problem is considered where the confined electron obeys the semi-
Dirac dispersion. The geometry chosen for this problem is a circular one. The interest in a
circularly symmetric boundary results from the fact that the semi-Dirac dispersion, itself

lacking in the circular symmetry, may produce interesting energy level statistics even when

89



the boundary is a symmetric one. It is a known fact that the energy level statistics changes
from one universality type to another with the change of the shape of the boundary as
has been shown in Fig.8.2. But with a given boundary-shape it is of one type for the
parabolic as well as the Dirac dispersions. On the contrary, results with a large range of
variability follow for the quantum billiards problem with the semi-Dirac dispersion even
when the shape of the boundary remains fixed. The Expansion method is employed to find
the eigenvalues of the Hamiltonian for this problem. The Hamiltonian for this problem is

different from that given by Eq. 8.3, and is given by

[H = ( Tiai—h? 26—2+V( N = EW (8.17)
- 4m? 833‘11 v 83:% r - ’ ’

Assuming that the radius of the circle is a, each side of the enclosing square will also be a.
The basis functions are the same as given by Eq. 8.5, with a; = a2. Hence the equation

corresponding to Eq. 8.8 becomes

242
mh*
H — 4 2
ni,n2,mi,ma — 2ma2 mq + a2m25n17n25m17m2 + [/Ovn1,n2,m1,m27 (8.18)

where

2mua

(8.19)

and Vn; ny,mi,m. 1S given by the following integral

2 . nTx . MmiTT . NoTX . MoTXT
vm,m,ml,m:(\[)‘*// 2r sin( ") gin(TATE2y g (ML i (272 g o)
a II a a a a

« as given by Eq. 8.19 is a dimensionless quantity, since the numerator being proportional
to the product of a momentum scale (mv) and a length scale (a) has the same dimension
as h, which is present in the denominator. It can also be shown that « is the ratio of

the two energy scales, one, the natural energy scale of the semi-Dirac dispersion 2muv?,
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22

and the other the energy scale 57

naturally appearing in the circular quantum billiards

problem. To carry out the double integral given by Eq. 8.20 the variables z) = % and

Enclosing square

Fig. 8.5: Circular boundary enclosed by a square. The potential is zero inside the circle and non-
zero in the region bounded by the arc of the circle and the sides of the square.

219

22 are introduced[z; and x3 are normalized by the radius of the circle]. The double

xh =
integral appearing in Eq. 8.20 is done over the region between the circular arc and the
sides of the square. Fig. 8.5 shows the limits that one needs to use in order to evaluate
the double integral as iterated single integrals. Also, the eigenfunctions given by Eq. 8.5

are written w.r.t the origin at the lower left corner of the enclosing square. Shifting the

origin at the center of the square and making use of the above mentioned new variables
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Eq. 8.20 can be written as follows

/=1 xh=1
/ /
Uninami,me = / d$1/ dxty (8.21)
X X

'=—1 ’2271
ni nim

2 2

nom , nom

mom , moT
Ty + —
2 2

)sin(——13 + ——)

LW,
$1+

sin( ) sin(

m™ mqm
2

nam , nom

maom , moT
Ty +
2 2

) sin( ) sin(

The above equation is written in terms of the difference of two double integrals: one
over the entire square, the other over the circular region. A code is written in Java in
order to evaluate the double integrals in Eq. 8.21. Java uses the efficient Legender-Gauss
technique to carry out the integrations. The Java program is called from within the Matlab
environment for diagonalizing the Hamiltonian matrix in Eq. 8.18. If each of the integers
ni, ng, mi, mo goes from 1 to L, the matrix will be L x L x L x L, which can be wrapped
into a L? x L? one, with its number of eigenvalues being L?. For example when L = 20
is chosen, the number of eigenvalues is 400. Next the process of unfolding is carried out
to obtain various values for the variable s. In this problem there are two parameters: «
and a. Once the energy levels are expressed in the unit of the energy scale %, « is the
only free parameter in the problem. In the following it is described how the statistics of
the s variable changes with the variation of .. This is an unique feature of the semi-Dirac
dispersion. In Dirac and parabolic dispersions the energy level statistics is unique for a
given shape of the boundary of the billiard. As it is explored in the following, the statistics
for s does not stay the same and hence is not unique as the semi-Dirac parameter space is

scanned.

8.8.1 The Statistics for s

One can compute the statistics of s by creating bins for a range of values of s, and

constructing a histogram. A histogram consists of bars whose heights are proportional
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to the frequencies corresponding to the bins of s. A histogram is an useful tool when
only one frequency distribution is visualized. For multiple distributions, histograms will
superimpose on each other rendering the visualization almost impossible. For the problem
at hand different distributions of s will be obtained for different values of «. Hence a way to
visualize them on the same graph is necessary. In the following a method is described which
makes that possible. s being a variable whose values are proportional to the difference of
the consecutive energy levels, it can assume only discrete values since the energy levels are
discrete. Centering each of the discrete values of s, a normalized Gaussian distribution of
a given width is constructed. For two values of s, the Gaussians centering each of them
will add up. When the two values of s are close to each other the net distribution will
be much more accentuated compared to if the values of s are far apart. This procedure

will create a net distribution whose profile matches that of a histogram, but is smoother
2

—(s—s;)
compared to it. Mathematically speaking let U\}ﬂe 202 be a Gaussian centered at s;.

si,» = 1toN represent N values of s obtained by unfolding the spectrum of eigenvalues. s
represents the continuous variable of the Gaussian. Instead of plotting the histogram, the

following expression is plotted.

1 1 —(s—s7)?
f=% > e 27 (8.22)

o 2

The multiplicative factor % at the beginning of the expression on the right hand side
ensures normalization. The widths of the Gaussians o are chosen to be equal for all s;’s.
There is some flexibility in choosing the exact value for o. It should be chosen in a way
such that f in Eq. 8.22 appears to be smooth. For the calculation at hand, a value of
.2 is chosen for o. f representing a line instead of a histogram, this procedure allows
one to plot different f’s for different values of o on the same graph. Before showing the
plots it’s worth while to have a small discussion about « that the plots depend on. «,
given by Eq. 8.19, is a dimensionless quantity as mentioned before. « is proportional to

the constant muv relevant for the semi-Dirac dispersion. muv determines the eccentricity
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of the semi-Dirac dispersion; hence changing o amounts to changing the curvature of the
semi-Dirac Fermi surface. The following calculations are restricted to the small value of
the a. For this range of « it is shown that the statistics of the variable s displays a very
rich behavior. Unlike the parabolic or the Dirac dispersion, the energy level statistics does
not always stick to only one type of universality class for a given geometry. The system
goes in and out of the these two types sometimes with a very sensitive dependence on a.. A
possible explanation for this type of behavior is also given at the conclusion. The complete
procedure of obtaining a statistics is described in the following for a = .5. This will be
the first of a series of plots on the energy level statistics of the semi-Dirac dispersion. The
purpose of these plots will be to show the rich diversity of the a parameter space. In
order to compute the eigen-energies, all the values less than a given energy need to be
accounted for. For o = .5 that is arbitrarily chosen as 35 in the units of % To make
sure that all the eigen energies less than that value have been considered the following
procedure is resorted to. Ignoring the potential energy and considering the kinetic energy
part in Eq. 8.18 only, it is noted in order to obtain all the energies below 35 one would have
needed to use (Mm1)max = 6, and (m2)max = 70 approximately. The reason is as follows. In
Eq. 8.18, the kinetic energy term(henceforth defined as K F) is given by (in the units of

h2)

2ma?

KE = \/m} 4+ a2m36, 1ny0my ms- (8.23)

The above expression attains the maximum value (K E)pax for (mj)max = \/m and
amg = (K E)nyax approximately. Because when KE = (K E)pyax, the maximum value of
one integer corresponds to the minimum value of the other integer. Strictly speaking, the
minimum value of a positive integer for the problem at hand is 1, since the 0 value would
make the wavefunction given by Eq. 8.5 to be zero identically, rendering the situation
unphysical. But since an estimate is what is sought after in the current situation 0 does

the job. It is also due to the approximate nature of the analysis that the potential energy
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is ignored to obtain an estimate. Setting (K E)max to 35, (m1)max = /(KE)max =~ 6
and (m2)max = (@) "Y(KE)max = 70. With these choices of the integers, all the entries
of the Hamiltonian matrix for & = .5 is computed and the eigenvalues are obtained by
diagonalizing the Hamiltonian. Unfolding is carried out next as shown in the following

figure. There are two vertical lines in Fig.8.6. The one on the right corresponds to the

alpha=.5
4000
3500
3000
2500
—~ 2000
u
z
1500
1000
500
0 . . .
0 50 100 150 200

Fig. 8.6: Integrated density of states by direct calculation and from Weyl’s formula

energy value equal to 35. The left vertical in Fig.8.6 corresponds to the value of the energy
up to which the Weyl’s curve follows the integrated density of states as obtained by direct
diagonalization of the Hamiltonian matrix rather closely. How ‘closely’ is subjective and
ascertained by eye-estimation. Also there has to be ‘enough’ number of energies below the
left vertical line. For all the calculations presented in the thesis it turns the number of
eigenvalues below the left vertical line is around 150. It is assumed the number is sufficient

to be able to bring out the necessary features of the statistics. A similar number of eigen-
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energies is used for calculations appearing in [59]. In Fig.8.7 the histogram as well as the
smooth distribution function of s given by Eq. 8.22 are displayed. They have similarity

with a Poisson’s distribution. In Fig. 8.7 the s axis starts from .5 instead of 0. That is due

0.7

—_—=05

0.6

0.5

0.4

0.3

Frequency

0.2

0.1

Fig. 8.7: Histogram as well as the smooth distribution for a = .5.

to the fact that when the constant frequency corresponding to the bin of a histogram near
s = 0 is replaced by sum of Gaussians, the latter will show an artificial dip near s = 0.
It has to do with the shape of a Gaussian function, going to zero for the extreme values
of the independent variable it is plotted against. This is also very much in spirit with a
histogram plot, in which the frequency corresponding to the first bin can be assigned to
any value of s belonging to that bin. Hence, as long as s is not too far away from s = 0,
beginning the plot slightly from the right of s = 0 is reasonable.

To show a distribution which is qualitatively at another extreme, o = .6 is chosen.
A calculation similar to the one mentioned above is carried out, which includes the right
choices of the integers (m1)max and (m2)max as well as that of V. A comparison of the

computed integrated density of states with the Weyl’s formula is made to ascertain how
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many eigen-energies can be used. The histogram and the smooth distribution for o = .6

are shown in Fig.8.8. It is noted that the distribution for o = .6 is of a different nature

Frequency

Fig. 8.8: Histogram as well as the smooth distribution for a = .6

than that obtained for o = .5, which was closer to the exponential distribution. For a = .6,
the distribution turns out to be closer to the superposition of GOE type of distribution
which peaks at a value of s away from 0. It is a rather remarkable result since neither
in a parabolic nor in a Dirac quantum billiards does one see two different energy level
statistics for the same geometry. But that is possible to achieve in a semi-Dirac system by
tuning the parameter a. It is also noted that this qualitative difference in the behavior of
the energy level statistics takes place for rather a modest change(about 20 percent) in the
value of «. Later it will be shown that a much more dramatic transition is possible in the
rich parameter space of «.

To show that the above mentioned transition between the universality classes is not an
one-time event but takes place in other regions of the o parameter space too, in Fig.8.9 a

range of o between .8 to .9 is considered. It is observed in Fig.8.9 as « increases from .8
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Fig. 8.9: Smooth distribution curves in the range of « = .8 to « = .9

to .9 the distribution function turns from what is closer to a superposition of GOE’s type
of distribution with a hump at a non-zero value of s to an exponential distribution, with
a maximum close to s = 0. Also, it is appropriate to mention at this point that in order
to obtain a perfect statistics for the variable s one needs an infinite number of values of s.
Limiting the number of values of s to around 150 might cause some deviation, although
hopefully not very serious, of the distribution curve from its ideal shape.

Before showing an example of a much more dramatic transition in the a parameter
space, a result about the statistics of s is shown in which the distribution curves are
insensitive to the changes in the value of a. This result is very different compared to any
of the energy level statistics shown so far. In Fig.8.10 distribution curves are plotted for
the range of o = .70 to a = .7525. The results shown in this figure, although intuitive,
did not occur for the previously used ranges of the parameter «. It is intuitive since it is
very much in line with one’s expectation that the distributions should not change much

when the parameter « varies very little.
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Fig. 8.10: Smooth distribution curves in the range of a = .7525 to a = .7

As a final example, the distribution functions are plotted for the parameter range
a = .77 to a = .78 in Fig.8.11. The objective is to show a rather sensitive dependence of
the distributions on the parameter a. In Fig.8.11 the distributions make transition from
Poisson type at @ = .77 to a phase in which they are beginning to look like superposition
of GOE’S type, as can be seen from the humps developing in the distributions for non-
zero values of s. The change takes place when « changes by .01, which is about one
percent only! It is pointed out although the change is fast in certain ranges of «, it is
not discontinuous. That implies that the eigenenergies change continuously with «, there
by ensuring the correctness of the results eliminating the possibility of any artifacts of
numerical algorithms used for the calculation being responsible for such a special result.
Various other regions of the parameter space have also been explored for the semi-Dirac
system. The trend in the distribution functions is transitory or monotonic depending on
which region in the parameter space one is investigating. As mentioned before, this is

rather a special type of behavior for the semi-Dirac system. In Dirac or parabolic systems
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Fig. 8.11: Smooth distribution curves in the range of & = .77 to a = .78

the transition from one type of distribution to another takes place as the geometrical
shape of the billiard is altered. In case of semi-Dirac dispersion, in spite of the fact
that the boundary of the billiard is a symmetric one, one sees not only different types of
distributions but sometimes the transition from the one to the other is extremely sensitive

to the value of «a.

8.8.2 Discussion (Future Direction etc.)

In this chapter the quantum chaotic aspects of the semi-Dirac dispersion was discussed.
It was shown that the semi-Dirac single parameter space shows a rich behavior of energy
level repulsion or the lack of it depending on what region of « is considered. The root
cause for such behavior lies in the degeneracy of the eigenvalues of the Hamiltonian given
by Eq. 8.8. Depending on the value of the parameter «, the energy levels can show a
tendency to be close to each other or not. Of course any degeneracies in this problem are

accidental in nature. A few things are worth mentioning at this point. In this chapter for
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all the calculations the scalar form of the semi-Dirac Hamiltonian was considered. But one
could also work with a tight-binding description of the semi-Dirac Hamiltonian. One could
start with a finite size tight-binding semi-Dirac Hamiltonian with a circular boundary, and
compute the energy level statistics. It can also be of interest to see how the energy level
statistics get modified with the introduction of a magnetic field. For the quantum billiards
problem, the translational symmetry is broken. It can be of considerable interest to study
the energy level statistics for systems having translational symmetry. In that case the
discrete energy levels of the quantum billiards problem will be replaced by energy bands.
The energy level statistics of the energy bands can be studied[64] in the following way.
Once the electronic structure of a material is obtained, for each k-point in the Brillouin
zone there are multiple energy bands with different energy values. So a transition from
a billiard problem to a problem with translational symmetry results in more number of
energy values, which can be subjected to the statistical considerations, as shown in this
chapter. So as much as computing the energy level statistics from the tight-binding semi-
Dirac Hamiltonian, and studying the same in the presence of the magnetic field are possible
future directions, one can also study the energy level statistics directly from the electronic
structure of 702/V O2 or any other material, where semi-Dirac band structure has been

known to appear.
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APPENDIX



.1 The eigenvalues and eigenfunctions of a 2 by 2 real matrix

I. The eigenvalues and eigenfunctions of the matrix

T, + tan 07, (.24)
are given by:
: . (cos(6/2)
eigenfunction: <sin(9/2)) , (.25a)
with the corresponding eigenvalue being: (cos ).
: . ( sin(6/2)
eigenfunction: <_ cos(@/Q)) , (.25b)
with the corresponding eigenvalue being: — (cos)~L.
II. For the matrix
—[1, — tan f7], (.26)
: . (sin(0/2)
eigenfunction: <COS(9/2)> ) (.27a)
with the corresponding eigenvalue being: (cos ).
eigenfunction: <_C(;SI(1%/2;)> , (.27b)
with the corresponding eigenvalue being: — (cos)~1.
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